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ON CENTRAL LEAVES OF HODGE-TYPE SHIMURA VARIETIES WITH
PARAHORIC LEVEL STRUCTURE
WANSU KIM
ABSTRACT. Kisin and Pappas [KP15] constructed integral models of Hodge-type
Shimura varieties with parahoric level structure at p > 2, such that the formal
neighbourhood of a mod p point can be interpreted as a deformation space of
p-divisible group with some Tate cycles (generalising Faltings’ construction). In
this paper, we study the central leaf and the closed Newton stratum in the formal
neighbourhoods of mod p points of Kisin-Pappas integral models with parahoric
level structure; namely, we obtain the dimension of central leaves and the almost
product structure of Newton strata. In the case of hyperspecial level strucure (i.e.,
in the good reduction case), our main results were already obtained by Hamacher
[Ham16a], and the result of this paper holds for ramified groups as well.
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1. INTRODUCTION
LetS be a moduli space over Z(p) of principally polarised g-dimensional abelian
varieties with some prime-to-p level structure, and let A be the universal abelian
scheme over S . Given a geometric closed point x ∈ S (Fp), Oort found a smooth
equi-dimensional locally closed subscheme C (x) ⊂ SFp containing x, which is
the locus where the p-divisible group associated to the universal abelian scheme
is “fibrewise constant” (i.e., the geometric fibres of the p-divisible group are all
isomorphic to Ax[p∞]), and its dimension can be explicitly computed in terms of
the Newton polygon ofAx[p∞]; cf. [Oor04, Theorems 2.2, 3.13], [Cha05, §7]. Such
C (x) is called a central leaf.
Oort also showed that by transporting C (x) by “isogeny correspondences”, one
can “fill up” the Newton stratum ofS that contains x. A stronger and more precise
statement can be formulated as the “almost product structure” of Newton strata; cf.
[Oor04, Theorem 5.3].
The original motivation of Oort’s study of central leaves [Oor04] is to understand
“Hecke orbits” in SFp . Later, Mantovan [Man02, Man05] found an interesting
application of the PEL generalisation of the almost product structure to the study
of the cohomology of compact PEL Shimura varieties at hyperspecial level at p,
which is often referred to as Mantovan’s formula. (Roughly speaking, Mantovan’s
2010 Mathematics Subject Classification. 14L05, 14G35.
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formula is the cohomological consequence of the almost product structure, if it
is interpreted in terms of “Igusa towers” over central leaves and Rapoport-Zink
spaces.)
Now, let us consider an integral canonical model S of a Hodge-type Shimura
variety at hyperspecial level at p > 2. Then generalising the definitions of Igusa
towers and Rapoport-Zink spaces (together with all the expected group actions)
turns out to be not so trivial in this setting, because S does not carry a conveni-
ent moduli interpretation, unlike the PEL case. (See [HP15] for the construction of
Hodge-type Rapoport-Zink spaces and the relationship to Hodge-type Shimura vari-
eties, which is a simplification of the original construction in [Kim13, Kim15]. For
Hodge-type Igusa varieties, see [Ham16b].) With these basic definitions in place,
Hamacher [Ham16b] was able to prove the unramified Hodge-type generalisation
of the almost product structure.
It is worth noting that these basic constructions for the unramified Hodge-type
case crucially uses Kisin’s study of isogeny classes of mod p points of the integ-
ral canonical models; namely, the existence of a natural map from certain affine
Deligne-Lusztig varieties to the set of mod p points of the integral canonical mod-
els (cf. [Kis13, Proposition 1.4.4]), which is a highly non-trivial result unlike the
PEL case. Also, the strategy of proving the almost product structure for unramified
Hodge-type Shimura varieties is to study the closed Newton stratum in the deform-
ation space of p-divisible groups with Tate cycles [Ham16a, Proposition 4.6], and
globalise it using the result on isogeny classes of mod p points of Shimura varieties
[Kis13, Proposition 1.4.4].
Now, let (G, {h}) denote a Hodge-type Shimura datum, and let p be an odd
prime such that p does not divide the order of pi1(Gder) and GQp splits after a
tame extension (but not necessarily unramified). Then Kisin and Pappas [KP15]
constructed integral models S of Shimura varieties for (G, {h}) with parahoric
level structure at p, whose formal completions at closed points are isomorphic to
the formal completions of the local models constructed by Pappas and Zhu [PZ13].
Although this integral model does not carry any convenient moduli interpretation,
the formal completions of S at closed points have a nice interpretation as the
deformation spaces of p-divisible groups with certain cycles (generalising the case
of hyperspecial levels); cf. [KP15, Corollary 4.2.4].
Along the way, Kisin and Pappas defined a “universal deformation” of p-divisible
groups with Tate cycles over the completed local ring of certain Pappas-Zhu local
models (cf. [KP15, §3]), which can be viewed as a generalisation of Faltings’
construction in the unramified case (cf. [Fal99, §7], [Moo98, §4]). The goal of
this paper is to generalise Hamacher’s results [Ham16a] on central leaves and the
closed Newton strata of Faltings deformation spaces to the “Kisin-Pappas deforma-
tion spaces” (which can be defined for certain ramified groups).
Let us now explain our deformation-theoretic result under the following global
setting (which is the motivating case). Let (G, {h}) denote a Hodge-type Shimura
datum, and choose p > 2 such that GQp splits after a tame extension. Assume that
p does not divide the order of pi1(Gder). Let S be an integral model of a Shimura
variety for (G, {h}) with parahoric level structure at p constructed by Kisin and
Pappas, and let A be the principally polarised abelian scheme over S correspond-
ing to a finite unramified map from S into some Siegel modular variety inducing
a closed immersion on the generic fibres. Let S¯ denote the base change of the
special fibre of S over Fp.
Let x ∈ S¯ (Fp). Then over the perfection (ÔS¯ ,x)p
−∞
of ÔS¯ ,x we have an F -
isocrystal with G-structure in the sense of [RR96, Definition 3.3] coming from
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the relative crystalline homology of A and the “crystalline realisation” of abso-
lute Hodge cycles on the generic fibre of A ; cf. Lemma 5.2.4. In particular, we can
associate to x a σ-G(Q˘p) conjugacy class [b], and it is possible to define the New-
ton stratification on Spec ÔS¯ ,x. Let NG ⊂ Spec ÔS¯ ,x denote the closed Newton
stratum.
Let us now “preview” the main results of this paper. (We refer to the cited
theorems for the precise statement.)
Theorem 1.1. Let x ∈ S¯ (Fp), and consider the reduced locally closed subscheme
C := C (x) ⊂ S¯ whose geometric points y¯ are exactly those such that Ay¯[p∞] is
isomorphic to Ax[p∞]. Then we have the following:
(1) (Corollary 5.3.1) C is smooth of equidimension 〈2ρ, ν[b]〉, where 2ρ is the sum
of positive roots of G and ν[b] is defined in Proposition 3.1.4.
(2) (Corollary 5.2.6) Let CG := Spec ÔC ,x ⊂ Spec ÔS¯ ,x, and let JG ⊂ Spec ÔS¯ ,x
denote the “isogeny leaf” (cf. the paragraph above Theorem 5.2.5). Then we
have a natural isomorphism of perfect schemes
pi∞ : C
p−∞
G × Jp
−∞
G
∼−→ Np−∞G ,
compatible with the case when G = GL(Λ) in [Ham16a, Corollary 4.4].
If S is a Siegel modular variety, then Theorem 1.1(2) is a consequence of the
“almost product strurcure of the Newton strata” [Oor04, Theorem 5.3], and there
are number of different proofs of Theorem 1.1(1), for which we refer to [Oor09]
and references therein. Some proofs for the Siegel case can be generalised to the
case of PEL Shimura varieties at hyperspecial level at p. IfS is an integral canonical
model of Hodge-type Shimura varieties with hyperspecial level at p > 2, then this
theorem was obtained by Hamacher [Ham16a]. On the other hand, the author
is not aware if the dimension of C was obtained in the ramified PEL case in the
literature.
There is a parallel story for the local field of characteristic p, where local shtukas
play the role of p-divisible groups. Under some additional hypothesis on G, the ana-
logue of Theorem 1.1 for the deformation space of G-shtukas is already available;
for example, [HV12] when G is a split reductive group over Fq[[z]], and Viehmann
and Wu [VW16] when G is unramified (i.e., reductive over Fq[[z]]). The global
function field analogue of Theorem 1.1 (for the function field analogue of Shimura
varieties) was also obtained by Neupert [Neu16, Main Theorem 1] under a certain
restrictions on the group. It is quite plausible that these result could be generalised
to allow certain ramification on the group G.
Let us remark on the proof of Theorem 1.1. Let X := Ax[p∞], equipped with
the crystalline Tate cycles (sα) (which come from the absolute Hodge cycles of the
generic fibre of A ). The key construction in the proof is the following:
Proposition 1.2 (Corollary 3.2.2, Proposition 3.2.4). Assume that the p-divisible
group X is completely slope divisible (cf. Definition 2.4.2). Then there exists a formal
group scheme QisgG(X), flat over Z˘p with perfect special fibre, which satisfies the
following property:
(1) For any f-semiperfect ring R, QisgG(X)(R) is naturally isomorphic to the
group of self quasi-isogenies of XR preserving the tensors (sα) in the sense of
Definition 3.1.2.
(2) There is a natural isomorphism QisgG(X) ∼= Qisg◦G(X) o Jb(Qp), where
Qisg◦G(X) ∼= Spf Z˘p[[xp
−∞
1 , · · · , xp
−∞
d ]] as a formal scheme. Here, d :=
〈2ρ, ν[b]〉 as in Theorem 1.1(1).
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In the unramified PEL case, the formal group scheme QisgG(X) was constructed
in the work of Caraiani and Scholze [CS15, §4.2], which was denoted as AutG(X˜)
in loc. cit. Clearly, this proposition can be extended to a p-divisible groups with
tensors admitting a tensor-preserving quasi-isogeny to some completely slope di-
visible p-divisible groups. See Proposition 2.5.6 for a group-theoretic formulation
of this condition.
It turns out that the connected component Qisg◦G(X) of QisgG(X) acts on the
formal completion Ŝx; cf. Theorem 4.3.1. We obtain Theorem 1.1 by interpret-
ing the central leaf and the closed Newton stratum in Spec ÔS¯ ,x in terms of the
Qisg◦G(X)-orbits of the closed point and the isogeny leaf, respectively; cf. Theor-
ems 5.1.3, 5.2.5. (In the unramified PEL case, this strategy to obtain the dimension
of the central leaves was mentioned in [CS15, Remark 4.2.13].) It seems that the
Qisg◦G(X)-action on Ŝx could be of separate interest; cf. Remark 4.3.7.
Our motivation for Theorem 1.1, especially (2), is to generalise the almost
product structure of Newton strata in the integral models of Hodge-type Shimura
varieties at odd “tame” primes, generalising the result of Hamacher’s [Ham16b].
As alluded earlier, however, in order to define Rapoport-Zink spaces and Igusa vari-
eties we need to have some control of each isogeny class of mod p points of S
in terms of some union of affine Deligne-Lusztig varieties. Although this desired
result is not known in the full generality, there are some cases where we can ob-
tain it; cf. [Kis13, Proposition 1.4.4], [HZ16, Theorem 0.2]. (See Remark 5.3.3 for
more discussions.) In the joint work with Hamacher [HK17], we used Theorem 1.1
to generalise the almost product structure [Ham16b] (allowing GQp to be “tamely
ramified”) and try to study the cohomological consequence, assuming a certain nat-
ural conjecture on isogeny classes of mod p points of Hodge-type Shimura varieties.
In §2 we review some group-theoretic and (semi-)linear algebraic background.
In §3 we introduce the group of tensor-preserving self quasi-isogenies QisgG(X) and
prove some basic properties stated in Proposition 1.2. In §4, we review the “Kisin-
Pappas deformation theory” [KP15, §3], and show that the connected component
of the tensor-preserving self quasi-isogeny group QisgG(X) acts on “Kisin-Pappas
deformation spaces”; cf. Theorem 4.3.1. In §5 we prove Theorem 1.1.
Acknowledgement. The author thanks Paul Hamacher for many helpful discus-
sions, and Julien Hauseux for his help with group theory used in the proof of Pro-
position 3.1.4. The author would also like to thank the anonymous referee whose
comments were greatly helpful. This work was supported by the EPSRC (Engineer-
ing and Physical Sciences Research Council) in the form of EP/L025302/1.
2. NOTATION AND PRELIMINARIES
For a finite extension E over Qp, we write E˘ := Êur.
2.1. Review of parahoric groups and extended affine Weyl groups.
Definition 2.1.1. Let G be a connected reductive group over Qp, and we fix a
point x ∈ B(G,Qp) in the extended Bruhat-Tits building. For any algebraic field
extension K/Qp that is finitely ramified, we view x ∈ B(G,Qp) via the natural
embedding B(G,Qp) ↪→ B(G,K). Then we obtain the following smooth Zp-models
of G:
(1) The Bruhat-Tits group scheme G(= Gx), which has the property that Gx(Zurp ) ⊂
G(Qurp ) is the stabiliser of x ∈ B(G,Qurp ).
(2) The parahoric group scheme G◦(= G◦x), which is the open subgroup of G
with connected special fibre.
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Note that G(Zp) ⊂ G(Qp) is the full stabiliser of x ∈ B(G,Qp), as well as the full
stabiliser of the interior of the facet containing x.
We write K := G(Zp), K◦ := G◦(Zp), K˘ := G(Z˘p), and K˘◦ := G◦(Z˘p).
For any connected reductive group G over Q˘p, Kottwitz [Kot97, (7.1.1)] defined
a natural surjective homomorphism
(2.1.2) κG : G(Q˘p) pi1(G)IQp (= X
∗(Z(Ĝ)IQp )),
which is functorial in G, where pi1(G) is the algebraic fundamental group and IQp
is the inertia group of Qp. Note that κG can be concretely described when G is a
torus (cf. [Kot97, §7.2]). Since κG is required to be functorial in G and κG should
be trivial if G is simply connected and semi-simple (as pi1(G) = 0), the torus case
uniquely determines κG for any connected reductive group G over Q˘p (cf. [Kot97,
§7.3]).
We set
(2.1.3) G(Q˘p)1 := ker(κG).
Returning to the setting of Definition 2.1.1 (so G is now a connected reductive
group over Qp), let us recall some basic facts:
(1) We have K◦ = K ∩ G(Q˘p)1 and K˘◦ = K˘ ∩ G(Q˘p)1; cf. [HR12, Appendix,
Proposition 3, Remark 11]. In other words, K◦ and K˘◦ are parahoric sub-
groups in the sense of [HR12, Appendix, Definition 1].
(2) If G = T is a torus, then we have T (Q˘p)1 = T ◦(Z˘p), where T ◦ is the con-
nected Néron model of T . It turns out that T (Q˘p)1 is the unique parahoric
subgroup of T (Q˘p), and we have the following short exact sequence
1 //T (Q˘p)1 //T (Q˘p)
κT //X∗(T )IQp //0.
In general, G(Q˘p)1 is generated by the parahoric subgroups of G(Q˘p).
Let us now make a convenient choice of maximal torus T ⊂ G as follows. Let S
be a maximal Q˘p-split torus of G which is defined over Qp and contains a maximal
Qp-split torus. We furthermore arrange the choice of S so that the maximal Qp-split
subtorus of S defines an apartment containing x ∈ B(G,Qp). Let T := ZG(S) be
the centraliser of S. Since G is quasi-split over Q˘p, it follows that T is a maximal
torus of G.
Remark 2.1.4. Let S◦ and T ◦ respectively denote the connected components of
the Néron models of S and T . Then by [BT84, Proposition 4.6.4], we have the
following closed immersions
S◦ ↪→ T ◦ ∼= ZG◦(S◦) ↪→ G◦
extending the natural maps on the generic fibres. Therefore, it follows that we have
T (Q˘p)1 = T (Q˘p) ∩ K˘◦,
and the inclusion T (Q˘p)1 ↪→ K˘◦ comes from a closed embedding of the parahoric
group schemes T ◦ ↪→ G◦.
Definition 2.1.5. Let NS ⊂ G denote the normaliser of S in G. Recall that the
extended affine Weyl group is defined to be
W˜ := NS(Q˘p)/T (Q˘p)1.
As S and T are defined over Qp, the natural σ-action on G(Q˘p) stabilises NS(Q˘p),
which defines a σ-action on W˜ . For w˜ ∈ W˜ , we write ˙˜w ∈ NS(Q˘p) to denote a lift
of w˜.
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We define the following subgroup:
W˜K˘◦ := (NS(Q˘p) ∩ K˘◦)/T (Q˘p)1 ⊂ W˜ .
By [HR12, Appendix, Proposition 12], W˜K˘◦ coincides with the Weyl group of the
maximal reductive quotient of G◦Fp with respect to the maximal torus S
◦
Fp
. In par-
ticular, W˜K˘◦ is finite.
Remark 2.1.6. We recall a few basic properties of W˜ from [HR12, Appendix].
(1) Let W0 := NS(Q˘p)/T (Q˘p) denote the Weyl group associated to the relative
root system for GQ˘p . (Note that W0 is the IQp -invariant of the Weyl group
of GQp .) Then we have a following short exact sequence:
0 //X∗(T )IQp //W˜ //W0 //1.
If x ∈ B(G,Qp) is a special vertex, then W˜K˘◦x maps isomorphically onto
W0 by the natural projection W˜  W0; cf. [HR12, Appendix, Proposi-
tion 13]. In particular, we have W˜ ∼= X∗(T )IQp oW0, where the splitting
depends on the choice of special vertex.
(2) There is a bijection
(2.1.7) W˜K˘◦\W˜/W˜K˘◦
∼−→ K˘◦\G(Q˘p)/K˘◦
sending W˜K˘◦w˜W˜K˘◦ to K˘
◦ ˙˜wK˘◦; cf. [HR12, Appendix, Proposition 8].
If K˘◦ is an Iwahori subgroup (in which case W˜K˘◦ is a trivial subgroup),
the above bijection becomes W˜ ∼−→ K˘◦\G(Q˘p)/K˘◦. If K˘◦ is a special parahoric
sugbroup (in which case we have W˜K˘◦ ∼= W0), the above bijection becomes
X∗(T )IQp/W0
∼−→ K˘◦\G(Q˘p)/K˘◦.
In particular, if K˘◦ is hyperspecial (so X∗(T ) = X∗(T )IQp and W0 is the
Weyl group for GQp) then the left hand side is in bijection with the set of
dominant cocharacters (with respect to some choice of borel subgroup),
and the bijection recovers the Cartan decomposition.
2.2. Review on G-(iso)crystals.
Definition 2.2.1. Let X be an Z˘p-scheme1. For a cocharacter µ : Gm → GL(M)Z˘p ,
we say that a grading gr•(OX⊗Z˘pM) is induced from µ, if the Gm-action onOX⊗Z˘p
M via µ leaves each grading stable and the resulting Gm-action on gra(OX⊗Z˘pM)
is given by
Gm
z 7→z−a //Gm
z 7→z id //GL(gra(OX ⊗Z˘p M)) .
Let Z˘p := W (Fp) and Q˘p := W (Fp)Q, and we let σ denote the Witt vector
Frobenius on Z˘p and Q˘p.
Definition 2.2.2. Let D be a pro-torus with character group X∗(D) = Q; i.e., D =
lim←−Gm where the transition maps is the N th power maps ordered by divisibility.
We now work under the setting introduced in Definition 2.1.1; namely, let G be
a connected reductive group over Qp, and G be a Bruhat-Tits integral model of G as
in Definition 2.1.1. We set K˘ := G(Z˘p).
1It is often convenient and natural to allow X to be an analytic space or a formal scheme. But it will
be quite obvious how to adapt the subsequent discussion to these cases.
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Definition 2.2.3. For b ∈ G(Q˘p), we let [b] := {g−1bσ(g), ∀g ∈ G(Q˘p)} denote the
σ-G(Q˘p) conjugacy class of b. Similarly, we let [[b]] := {g−1bσ(g); g ∈ K˘} denote the
σ-K˘ conjugacy class containing b.
If G = GLn, then the above definition has an interpretation in terms of F -
(iso)crystals as follows. For b, b′ ∈ GLn(Q˘p), two F -isocrystals (Q˘np , bσ) and (Q˘np , b′σ)
are isomorphic if and only if b and b′ are σ-GLn(Q˘p) conjugate. Similarly, two vir-
tual F -crystals (Z˘np , bσ) and (Z˘np , b′σ) are isomorphic if and only if b and b′ are
σ-GLn(Z˘p) conjugate. (By virtual F -crystal, we mean a Z˘p-lattices in a F -isocrystal
that is not necessarily F -stable.)
Kottwitz [Kot85, §4] showed that for b ∈ G(Q˘p) there exists a unique homo-
morphism
νb : D→ GQ˘p
such that for any representation ρ : GQ˘p → GL(n)Q˘p the Q-grading associated to
the inverse of ρ ◦ νb is the slope decomposition for (Q˘np , ρ(b)σ). (Note our sign
convention in Definition 2.2.1.) Furthermore, the uniqueness shows that for any
g, b ∈ G(Q˘p) we have
νgbσ(g)−1 = gνbg
−1.
Therefore, the G(Q˘p)-conjugacy class of νb only depends on the σ-G(Q˘p) conjugacy
class [b]. So the G(Q˘p)-conjugacy class of νb, which will be denoted by ν[b], only
depends on the σ-conjugacy class [b].
The uniqueness of νb also implies that νσ(b) = σ∗νb. Since we have σ(b) =
b−1bσ(b), it follows that
σ∗νb = b−1νbb.
In particular, the conjugacy class ν[b] is σ-stable; that is, the G(Q˘p)-conjugacy class
of cocharacters ν[b] is defined over Qp. (Note that unless G is quasi-split over Qp,
this does not necessarily imply that ν[b] contains a cocharacter defined over Qp.)
Definition 2.2.4. We say that b ∈ G(Q˘p) is decent if for some r ∈ Z we have:
(bσ)r = prνbσr,
where the equality takes place in G(Q˘p)o〈σ〉. We call the above equation a decency
equation. By [RZ96, Corollary 1.9], if b is decent then we have b ∈ G(Qpr ), where
r is as in the decency equation.
Kottwitz [Kot85, §4] showed that any σ-conjugacy class [b] in G(Q˘p) contains a
decent element provided that G is a connected reductive group over Qp.
Consider the following group valued functor Jb = JG,b defined as follows:
(2.2.5) Jb(R) := {g ∈ G(R⊗Qp Q˘p)| gbσ(g)−1 = b}
for any Qp-algebra R. Note that for any g, b ∈ G(Q˘p) we have Jgbσ(g)−1(R) =
gJb(R)g
−1 as a subgroup of G(R⊗Qp Q˘p); in particular, Jb essentially depends only
on the σ-conjugacy class of b in G(Q˘p).
Proposition 2.2.6. The group valued functor Jb can be represented by a connected
reductive group over Qp. Furthermore, there is a unique isomorphism
(Jb)Q˘p
∼−→ Gνb := ZG(νb)
which induce that inclusion Jb(Qp) ↪→ Gνb(Q˘p) ↪→ G(Q˘p). (Note that the centraliser
Gνb ⊂ GQ˘p is a Levi subgroup.
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Proof. We may assume that b is decent, in which case the proposition was essentially
proved in [RZ96, Corollary 1.14]. 
The extended affine Weyl group W˜ is a very useful tool to study σ-G(Q˘p) and
σ-K˘ conjugacy classes. Let us first recall the following result of X. He’s on σ-G(Q˘p)
conjugacy classes [He12, Theorem 3.7].
Theorem 2.2.7. Using the notation from Definition 2.1.5, The natural mapNS(Q˘p) ↪→
G(Q˘p) G(Q˘p)/σ-conj induces a surjective map
W˜/σ-conj G(Q˘p)/σ-conj.
For w˜ ∈ W˜ , we let [w˜] denote the σ-conjugacy of w˜, which could also viewed as the
σ-conjugacy class [ ˙˜w] of some lift ˙˜w via the isomorphism above.
Indeed, one can obtain from [He12] a much stronger result about the existence
of combinatorially nice representative of W˜/σ-conj.
Lemma 2.2.8. Let w˜ ∈ W˜ , and choose two lifts ˙˜w, ˙˜w′ ∈ NS(Q˘p). Then there exists
u ∈ T (Q˘p)1 such that ˙˜w′ = u ˙˜wσ(u)−1. In particular, for any stabiliser K˘ of a facet Ω
in the apartment corresponding to SQ˘p , the σ-K˘ conjugacy class [[
˙˜w]] only depends on
w˜, not on the choice of ˙˜w.
Proof. We write w˜′ = tw˜ for some t ∈ T (Q˘p)1, and we want to find an element
u ∈ T (Q˘p)1 satisfying
t = u ˙˜wσ(u)−1 ˙˜w−1
In other words, it suffices to show that the group homomorphism ϕw˜ : T (Q˘p)1 →
T (Q˘p)1 defined by ϕw˜(u) := u ˙˜wσ(u)−1 ˙˜w−1 is surjective.
Note that the conjugation by w˜ on T (Q˘p)1 only depends on the image w ∈ W0
of w˜ via the natural projection W˜  W0. Since T (Q˘p)1 = T ◦(Zp) where T ◦ is the
connected Néron model of T , ϕw˜ turns out to be a Lang isogeny of T ◦. Therefore,
ϕw˜ is induces a surjective map on T ◦(Z˘p) = T (Q˘p)1 (as Z˘p is strictly henselian).
The second claim follows from the first since we have T (Q˘p)1 ⊂ K˘◦ ⊂ K˘ for any
K˘ as above. 
Definition 2.2.9. For w˜ ∈ W˜ , let [[w˜]]K˘ denote the σ-K˘ conjugacy class of any lift
˙˜w ∈ NS(Q˘p). By Lemma 2.2.8, [[w˜]] does not depend on the choice of ˙˜w.
If K˘ is understood, then we write [[w˜]] instead of [[w˜]]K˘.
Lemma 2.2.10. For w˜ ∈ W˜ , there exists a lift ˙˜w that satisfies a “decency equation”
( ˙˜wσ)r = prν ˙˜wσr,
for some r ∈ Z; in other words, [[w˜]]K˘ contains a decent element.
Proof. Since W0 is finite and Gal(Q˘p/Qp) = 〈̂σ〉 acts on W0 through a finite quo-
tient, there exists r such that for any w ∈ W0 we have (wσ)r = σr in W0 o 〈σ〉.
Therefore for any ˙˜w ∈ NS(Q˘p) we have ( ˙˜wσ)r ∈ T (Q˘p)σr. We choose r to also
satisfy that S◦ splits over Zpr ⊂ Z˘p. Let t ∈ T (Q˘p) denote the element satisfying
tσr = ( ˙˜wσ)r.
Since SQ˘p is the split part of TQ˘p , it follows that X∗(S) is precisely the torsion-
free part of X∗(T )IQp . So by replacing r with some suitable multiple, we may
assume that the image of t via κT : T (Q˘p)  X∗(T )IQp lies in X∗(S). If we write
λ := κT (t) ∈ X∗(S), then we may write t = pλt1 for t1 ∈ T (Q˘p)1.
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Now, by repeating the proof of Lemma 2.2.8 we can find u ∈ T (Q˘p)1 such that
σr(u)u−1 = t−11 . For u as above, we set ˙˜w
′ := u−1 ˙˜wσ(u), which satisfies the
following:
( ˙˜w′σ)r = (u−1tσr(u))σr = (t−11 t)σ
r = pλσr.
From this, it clearly follows that λ = rν ˙˜w′ ; in particular, ˙˜w
′ is decent. 
2.3. G-(iso)crystals and virtual F -crystals with tensors. LetR be either a field of
characteristic zero or a discrete valuation ring of mixed characteristic. In practice,
R will be one of Q, Z(p), and Zp. Let G be a smooth affine group scheme over R
such that the generic fibre is a reductive group. Let M be a free R-module of finite
rank, and we fix a closed immersion of group schemes G ↪→ GLR(M).
Proposition 2.3.1. In the above setting, there exists a finitely many elements sα ∈
M⊗ such that G is the pointwise stabiliser of (sα); i.e., for any R-algebra R′, we have
G(R′) = {g ∈ GLR(M)(R′); g(sα) = sα ∀α}.
Proof. The case when R is a field is proved in [Del82, Proposition 3.1], and the
case of discrete valuation rings is proved in [Kis10, Proposition 1.3.2]. 
We now return to the setting introduced in Definition 2.1.1.
Choose a finite free Zp-module Λ equipped with a faithful G-action (i.e., a closed
embedding G ↪→ GL(Λ) of algebraic groups over Zp). Fixing such a datum, we
can choose finitely many tensors (sα) ⊂ Λ⊗ defining G as a subgroup of GL(Λ) by
Proposition 2.3.1.
For any b ∈ G(Q˘p) = G(Q˘p), we obtain the following virtual F -crystal over Fp
(2.3.2) Mb(= MΛb ) := (Z˘p ⊗Zp Λ, bσ).
(Here, we identify G as a subgroup of GL(Λ).) In the intended setting, Mb will
be assumed to be the dual of the contravariant Dieudonné module of a p-divisible
group Xb over Fp and Λ will be isomorphic to the Tate module of a suitable Z˘p-
lift of Xb. (In other words, one can identify Mb as the underlying Z˘p-module for
the covariant Dieudonné module of Xb, and bσ = p−1F where F is the covariant
crystalline Frobenius operator. In particular, Mb is not stable under bσ unless it
is étale. The reason for this normalisation is to identify Mb as the first crystalline
homology without Tate twist.)
Let 1 := (Z˘p, σ) denote the trivial (virtual) F -crystal. For each sα, let us consider
the following Z˘p-linear map
(2.3.3) 1→M⊗b = Z˘p ⊗Zp Λ⊗; 1 7→ 1⊗ sα.
Since (the image of) G in GL(Λ) is the pointwise stabiliser of (sα), it follows that
(2.3.3) is a map of virtual F -crystals for each α (i.e., a Z˘p-linear morphism which
induces a morphism of F -isocrystals after inverting p).
Let b′ ∈ G(Q˘p). Then clearly, we have b′ ∈ [b] if and only if [Mb[ 1p ], (sα)] ∼=
[Mb′ [
1
p ], (sα)] (i.e., there exists an isomorphism Mb[
1
p ]
∼= Mb′ [ 1p ] of F -isocrystals
which fixes each sα). Similarly, b′ lies in the σ-K˘ conjugacy class [[b]] if and only if
we have [Mb, (sα)] ∼= [Mb′ , (sα)].
2.4. Completely slope divisible G-crystals. The following definition is an ana-
logue of completely slope divisible p-divisible groups over Fp. We will not directly
work with this definition, but we will use it as a motivation for regarding [[w˜]] as a
“completely slope divisible virtual F -crystals with tensors”; cf. Lemma 2.4.3.
10 W. KIM
Definition 2.4.1. An element b ∈ G(Q˘p) is called completely slope divisible if b is
decent and νb : D → GQ˘p is the base change of a homomorphism D → GZ˘p over
Z˘p. A σ-K˘ conjugacy class [[b]] is called completely slope divisible if it contains a
completely slope divisible element.
The motivation of Definition 2.4.1 is the following (more standard) definition of
completely slope divisible p-divisible groups:
Definition 2.4.2. Let X be a p-divisible group over Fp with height n. We say that
X is completely slope divisible if it admits a filtration
0 = X0 ( X1 ( · · · ( Xm = X
such that for some integer r > 0 and strictly decreasing sequence of integers
ai ∈ [0, r] the quasi-isogeny p−ai Frr : Xi → (Xi)(pr) is an isogeny inducing an
isomorphism Xi/Xi−1
∼−→ (Xi/Xi−1)(pr). We call {λi := ai/r} the slopes of X.
We write X(i) := Xi/Xi−1. Since the slope filtration has a canonical splitting
over a perfect base, we may write X =
∏
iX(i); cf. [Zin01b, Corollary 11].
Recall that the isomorphism class of X corresponds to certain σ-GLn(Z˘p) con-
jugacy class [[b]]. One can see that X is completely slope divisible if and only if [[b]]
is completely slope divisible. Indeed, if X is completely slope divisible, then we
choose a Z˘p-basis of D(X)(Z˘p)∗ adapted to the slope decomposition X =
∏
iX(i),
and require that the basis of D(X(i))(Z˘p)∗ is fixed by p−ai Frr. Then, the resulting
matrix b ∈ GLn(Q˘p) is clearly decent and νb is defined over Z˘p (since the slope
decomposition is defined over Z˘p). Conversely, if b ∈ GLn(Q˘p) is completely slope
divisible, then the slope decomposition of the F -isocrystal Mb[ 1p ] restricts to the
slope decomposition of Mb, which allow us to write Xb =
∏
X(i)b . Now, the de-
cency equation for b implies that there exists r and ai such that the quasi-isogeny
p−ai Frr : X(i)b → (X(i)b )(p
r) is an isomorphism.
Now let [[b]] denote a σ-K˘ conjugacy class of b ∈ G(Q˘p), and we choose G ↪→ GLn
such that [[b]] corresponds to an isomorphism class of p-divisible groups of height n
with tensors (X, (sα)). Then if [[b]] is completely slope divisible, then X is completely
slope divisible, and the tensors (sα) are “well behaved” with respect to the slope
decomposition.
Lemma 2.4.3. We use the notation from Definition 2.1.5. For any w˜ ∈ W˜ , any decent
lift ˙˜w of w˜ is completely slope divisible in the sense of Definition 2.4.1. In particular,
the σ-K˘ conjugacy class [[w˜]] (as in Definition 2.2.9) is completely slope divisible.
Proof. Let us choose a decent lift ˙˜w, which exists by Lemma 2.2.10. The proof of
Lemma 2.2.10 also shows that ν ˙˜w : D→ GQ˘p factors through SQ˘p , so it extends to
a rational cocharacter D → S◦Z˘p over Z˘p.
2 Since S◦ is a torus in G◦, it follows that
ν ˙˜w is defined over Z˘p. Therefore, ˙˜w is completely slope divisible, and so the same
holds for its σ-K˘ conjugacy class [[w˜]]. 
Recall that we have a natural bijection W˜K˘◦\W˜/W˜K˘◦ ∼= K˘◦\G(Q˘p)/K˘◦ given by
W˜K˘◦w˜W˜K˘◦ 7→ K˘◦ ˙˜wK˘◦, where ˙˜w is any lift of w˜; cf. Remark 2.1.6. For a dominant
cocharacter ν ∈ X∗(T )+ defined over Q˘p (where dominance is with respect to
the choice of a suitable borel subgroup), one can associate a subset AdmK˘◦(ν) ⊂
W˜K˘◦\W˜/W˜K˘◦ ; cf. [Rap05, (3.6)].
2By replacing ν ˙˜w with rν ˙˜w for some r, the claim reduces to a familiar statement on cocharacters of
split tori.
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Definition 2.4.4. For b ∈ G(Q˘p) and ν ∈ X∗(T )+, we consider an affine Deligne-
Lusztig variety of level K˘◦, defined as follows
XK˘◦(b; ν) :=
⋃
w˜∈AdmK˘◦ (ν)
{g ∈ G(Q˘p)| g−1bσ(g) ∈ K˘◦ ˙˜wK˘◦}/K˘◦ ⊂ G(Q˘p)/K˘◦.
And we let XK˘(b; ν) ⊂ G(Q˘p)/K˘ denote the image of XK˘◦(b; ν) under the natural
projection, and call it an affine Deligne-Lusztig variety of level K˘.
Note that for any g ∈ G(Q˘p), the σ-K˘◦ conjugacy class [[g−1bσ(g)]]K˘◦ only de-
pends on the right coset gK˘◦, and the same assertion holds if we replace K˘◦ with
K˘. We say that gK˘ ∈ XK˘(b; ν) is a completely slope divisible point if [[g−1bσ(g)]]K˘ is
completely slope divisible.
The following proposition can be thought of as the slope filtration theorem for
affine Deligne-Lusztig varieties.
Proposition 2.4.5. For b ∈ G(Q˘p) and ν ∈ X∗(T )+, assume that XK˘◦(b; ν) is non-
empty. Then there exists gK˘◦ ∈ XK˘◦(b; ν) such that [[g−1bσ(g)]]K˘◦ = [[w˜]]K˘◦ for some
w˜ ∈ W˜ . In particular, XK˘◦(b; ν) admits a completely slope divisible point.
The same statement holds for XK˘(b; ν).
Note that for ν′ ≤ ν, we have AdmK˘◦(ν′) ⊆ AdmK˘◦(ν), so XK˘(b; ν′) ⊆ XK˘(b; ν).
Later, we will only consider the case when ν is minuscule.
Proof. It suffices to prove the assertion for XK˘◦(b; ν), which follows from [He14,
Corollary 2.9]. Indeed, assuming that XK˘◦(b; ν) is non-empty, the aforementioned
result implies that [b] contains a lift ˙˜w ∈ NS(Q˘p) of w˜ ∈ W˜ such that W˜K˘◦ -double
coset of w˜ belongs to AdmK˘◦(ν). Therefore, there exists gK˘
◦ ∈ XK˘◦(b; ν) such that
[[g−1bσ(g)]]K˘◦ = [[w˜]]K˘◦ , which is completely slope divisible by Lemma 2.4.3. 
2.5. Affine Deligne-Lusztig varieties and p-divisible groups. In this subsection,
we want to show that under some suitable assumptions we can interpretXK˘(b; ν) as
the set of self quasi-isogenies of some p-divisible group over Fp (cf. Remark 2.5.7).
We begin with the example of GLn.
Example 2.5.1. Let G := GLn and K˘◦ := GLn(Z˘p)(= K˘). Choose b ∈ GLn(Q˘p)
so that we have a p-divisible group Xb with
(
D(Xb)(Z˘p)
)∗ ∼= Mb := (Z˘np , bσ) as a
virtual F -crystal. Then it turns out that [b] is neutral acceptable for a minuscule
cocharacter νd given by t 7→ diag(1, · · · , 1︸ ︷︷ ︸
n−d
, t−1, · · · , t−1︸ ︷︷ ︸
d
), where d is the dimension
of Xb. (This is a group-theoretic interpretation of Mazur’s inequality; cf. [RR96,
Theorem 4.2].) Now we can interpret XGLn(Z˘p)(b; νd) as the set of equivalence
classes of pairs (Y, ι : Y → Xb) where Y is a p-divisible group over Fp and ι is a
quasi-isogeny. To describe this bijection, for any g ∈ G(Q˘p) the virtual F -crystal
Mg−1bσ(g) := (Z˘np , g−1bσ(g)σ) corresponds to a p-divisible group Y := Xg−1bσ(g)
if and only if the right GLn(Z˘p)-coset of g lies in XGLn(Z˘p)(b; νd) (which can be
seen by classical Dieudonné theory and [RR96, Example 4.3]). In this case, the
isomorphism of F -isocrystals g : (Q˘np , g−1bσ(g)σ)
∼−→ (Q˘np , bσ) gives rise to a quasi-
isogeny ι : Y→ Xb, which only depends on gGLn(Z˘p).
Now let us make the following assumptions on (G, b, ν) and the closed immersion
ρ : G ↪→ GL(Λ) ∼= GLn of smooth affine group schemes over Zp.
(2.5.2) G is split after a tame extension of Qp and p - |pi1(Gder)|.
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Let us briefly recall the theory of local models in this setting, following Pappas
and Zhu [PZ13]. Under (2.5.2), Pappas and Zhu [PZ13, Theorem 4.1] constructed
a smooth affine group schemeH over Zp[u] with connected fibres with the following
properties
(1) G◦ ∼= H×SpecZp[u] SpecZp[u]/(u− p)
(2) H ×SpecZp[u] SpecZp[u±] is a reductive group scheme and admits a ri-
gidification in the sense of [PZ13, §3.3.5] (which involves a choice of
maximal split torus over Zp[u±], maximal split torus over Z˘p[u±] defined
over Zp[u±], etc.). In particular, if we set H := H ×SpecZp[u] SpecFp((u))
the choice of rigidification gives rise to an identification of the Bruhat-
Tits buildings B(G,Qp) ∼= B(H,Fp((u))) and B(G,Qurp ) ∼= B(H,Fp((u))ur),
identifying the Iwahori Weyl groups.
(3) Recall that we chose x ∈ B(G,Qp) so that G◦ = G◦x. Viewing x as a point in
B(H,Fp((u))) by the above identification, H := H ×SpecZp[u] SpecFp[[u]] is
the parahoric group scheme associated to x.
Using the group scheme H extending G◦, Pappas and Zhu [PZ13, Definition 7.1]
constructed a local model MlocG◦,{ν} over OE where E is the field of definition of
{ν}, so that MlocG◦,{ν} has a natural action of G◦ and its geometric special fibre has
a description in terms of affine Schubert variety of H (cf. [PZ13, Theorem 9.3]).
This construction applies to (G◦, {ν}) = (GLn, {νd}), and the resulting local model
MlocGLn,{νd} is the grassmannian scheme over Zp, classifying rank-d quotients of a
fixed rank-n trivial vector bundle.
Now let us make the following additional assumption:
(2.5.3) ρ ◦ ν is GLn(Q˘p)-conjugate to νd for some d.
Then Kisin and Pappas showed that the locally closed immersion ρ|G◦ : G◦ ↪→ GLn
extends to a locally closed immersion
(2.5.4) ρ : H → GLn
of smooth affine group schemes over Zp[u]; cf. [KP15, proof of Proposition 2.3.7].
Furthermore, by [PZ13, Theorem 8.1] it follows that ρ induces a closed immersion
(2.5.5) MlocG◦,{ν} ↪→ MlocGLn,{νd} ×SpecZp SpecOE .
The following result is essentially a consequence of the theory of local models
(cf. [Zho17, Corollary 3.5]).
Proposition 2.5.6. Assume that conditions (2.5.2, 2.5.3) hold for (G, b, ν) and ρ :
G ↪→ GLn. Then for any ν-admissible element w˜ ∈ W˜ and any lift ˙˜w ∈ G◦(Z˘p), we
have ρ( ˙˜w) ∈ GLn(Z˘p)pνdGLn(Z˘p) and so ρ induces an injective map
XK˘(b; ν) ↪→ XGLn(Z˘p)(ρ(b); νd).
Proof. The first claim is proved [Zho17, Corollary 3.5]. Note that its proof does not
use the running assumption in [Zho17, §3.2] that ρ (2.5.4) is a closed immersion
(i.e., G◦ = G). Indeed, even when ρ is a locally closed immersion, we still have the
closed immersion of the local models (2.5.5) so we can inject MlocG◦,{µ}(Fp) simultan-
eously into GLn(Q˘p)/GLn(Z˘p) and GLn(Fp((u)))/GLn(Fp[[u]]), respecting the iden-
tification of the embeddings of the Bruhat-Tits buildings B(G, Q˘p) ↪→ B(GLn, Q˘p)
and B(H,Fp((u))) ↪→ B(GLn,Fp((u))). Then the rest of the proof of [Zho17, Propos-
ition 3.4] goes through, using the description of the special fibre M
loc
G◦,{µ} given in
[PZ13, Theorem 9.3]).
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Now the map ρ : G(Q˘p)/K˘◦ → GLn(Q˘p)/GLn(Z˘p) restricts to XK˘◦(b; ν) →
XGLn(Z˘p)(ρ(b); νd). Now since ρ induces
G(Q˘p)/K˘◦  G(Q˘p)/K˘ ↪→ GLn(Q˘p)/GLn(Z˘p)
and XK˘(b; ν) ⊂ G(Q˘p)/K˘ is the image of XK˘◦(b; ν), we obtain the desired injective
map XK˘(b; ν) ↪→ XGLn(Z˘p)(ρ(b); νd) as claimed. 
Remark 2.5.7. If one were to be optimistic, one can expect that Proposition 2.5.6
should hold even if we remove (or weaken) assumption (2.5.2). Indeed, what is
really needed in the proof of Proposition 2.5.6 is a good theory of local models,
which was developed by Pappas and Zhu under assumption (2.5.2); cf. [PZ13].
If ρ induces a natural map XK˘(b; ν) ↪→ XGLn(Z˘p)(ρ(b); νd), then by Example 2.5.1
we get a p-divisible group Xb(= Xρ(b)) with (D(Xb)(Z˘p))∗ ∼= (Z˘np , ρ(b)σ). Further-
more, for any g ∈ G(Q˘p) whose right K˘-coset lies in XK˘(b; ν), the isomorphism
ρ(g) : (Q˘np , ρ(g)−1ρ(b)σ(ρ(g))σ)
∼−→ (Q˘np , ρ(b)σ) preserves the tensors (sα), so the
quasi-isogeny ι : Y → Xb corresponding to ρ(g)GLn(Z˘p) ∈ XGLn(Z˘p)(ρ(b); νd)
is “tensor-preserving”. In particular, Proposition 2.4.5 shows the existence of a
“tensor-preserving” quasi-isogeny ι : Y→ Xb where Y is completely slope divisible.
3. THE GROUP OF TENSOR-PRESERVING SELF QUASI-ISOGENIES
3.1. Tensor-preserving internal hom p-divisible groups. Inspired by [CS15, §4.1],
we construct a p-divisible group HGb over Fp that can be thought of as a “tensor-
preserving” internal hom p-divisible group of Xb (for completely slope divisible b).
Let X and X′ be completely slope divisible p-divisible groups over Fp. In particu-
lar, we have X =
∏
iX(i) and X′ =
∏
j X′(j), where X(i) and X′(j) are pure of slope
λi and λ′j , respectively. (Cf. Definition 2.4.2.) Then one can construct the “internal
hom p-divisible group” HX,X′ with the following properties:
(1) We have an isomorphism of sheaves lim←−HX,X′ [p
n] ∼= H om(X,X′) of Zp-
modules over Fp.
(2) Let M :=
(
D(X)(Z˘p)
)∗
, M′ :=
(
D(X′)(Z˘p)
)∗
, and MH :=
(
D(HX,X′)(Z˘p)
)∗
be the dual of the contravariant Dieudonné modules (as virtual F -crystals).
Then MH[ 1p ] is the non-positive slope part of Hom(M,M
′)[ 1p ].
Indeed, when both X and X′ are pure of some slopes, thenHX,X′ can be constructed
as in [CS15, §4.1]. For completely slope divisible p-divisible groups, we put
HX,X′ :=
∏
i,j
HX(i),X′(j) .
This clearly satisfies the first property, and the second property follows from [CS15,
Lemma 4.1.10].
For any p-divisible group H over Fp, we define H˜ := lim←−pHZp where HZp is any
Zp-lift of H and the limit is as an fpqc sheaf on NilpopZ˘p . By rigidity of quasi-isogeny,
H˜ is independent of choice ofHZp , and furthermore, we have we have a natural iso-
morphism H˜(R) ∼−→ H˜(R/p) for any R ∈ NilpZ˘p ; cf. [SW13, Proposition 3.1.3(ii)].
Let us focus on HX,X with X′ = X, where X is completely slope divisible. Then
given any quasi-isogenies ι : X→ Y, we have for any R ∈ NilpZ˘p
(3.1.1) H˜X,X(R) := EndR/p(XR/p)[ 1p ]
∼−−→
(∗)
EndR/p(YR/p)[ 1p ]
∼←−−
(∗∗)
End(YR)[ 1p ],
where YR is any lift of YR/p, (∗∗) is from [Kat81, Lemma 1.1.3], and (∗) is defined
by sending f : XR/p → XR/p to ιR/p ◦ f ◦ ι−1R/p.
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Let R be an f-semiperfect Fp-algebra in the sense of [SW13, Definition 4.1.2].
Let Acris(R) denote the universal p-adic PD thickening of R (cf. [SW13, Proposi-
tion 4.1.3]), and set B+cris(R) := Acris(R)[
1
p ]. Then for any p-divisible group X over
Fp, we have a natural isomorphism (D(XR)(Acris(R)))∗ ∼= Acris(R)⊗Z˘p (D(X)(Z˘p))∗
of virtual Acris-crystals.
Definition 3.1.2. Let X be a p-divisible group over Fp with M :=
(
D(X)(Z˘p)
)∗
.
We fix finitely many F -invariant tensors sα ∈ M⊗[ 1p ]; e.g. (2.3.3). Then for
any f-semiperfect Fp-algebra R, we say that γ ∈ End(XR)[ 1p ] is a tensor-preserving
quasi-endomorphism if the induced endomorphism of B+cris(R)⊗Z˘pM preserves the
tensors (sα) ⊂ B+cris(R)⊗Z˘pM⊗. We let End(sα)(XR)[ 1p ] ⊂ End((XR)[ 1p ] denote the
subset of tensor-preserving quasi-endomorphisms.
From now on, we choose (b, ν) and ρ : G ↪→ GL(Λ) ∼= GLn, and assume that the
following hold
(†): We have XK˘(b; ν) 6= ∅ and ρ induces XK˘(b; ν) → XGLn(Z˘p)(ρ(b); νd) for
some d.
(By Proposition 2.5.6 and [He14, Theorem A], this condition is satisfied if (2.5.2,
2.5.3) hold and [b] is ν-admissible.) Then by modifying b up to σ-G(Q˘p) conjugacy
so that the identity right coset of K˘ lies inXK˘(b; ν), we can get a p-divisible group Xb
with Mb ∼= (D(Xb)(Z˘p))∗ as a virtual isocrystal (cf. Example 2.5.1), and F -invariant
tensors (sα) ⊂M⊗b as in §2.3.
In this setting, we can represent the fpqc sheaf ofQp-vector spacesR End(sα)((Xb)R)[ 1p ]
on the (opposite) category of f-semiperfect Fp-algebras as follows.
Lemma 3.1.3. In the above setting, there exists a p-divisible group HGb (well defined
up to isogeny) such that for any f-semiperfect Fp-algebra R we have a natural Qp-
linear isomorphism
H˜Gb (R) ∼= End(sα)((Xb)R)[ 1p ].
We can obtain HGb as a p-divisible subgroup of Hb such that for any f-semiperfect
Fp-algebra R we have H˜b(R) ∼= EndR((Xb)R)[ 1p ].
As discussed above, H˜Gb can be canonically lifted to a formal group scheme over
Spf Z˘p so that H˜Gb (R) = H˜Gb (R/p) for any R ∈ NilpZ˘p . So the above lemma also
gives a description of points valued in R ∈ NilpZ˘p when R/p is f-semiperfect.
Proof. By Proposition 2.4.5, there exists a completely slope divisible point gK˘ ∈
XK˘(b; ν) such that [[g
−1bσ(g)]] = [[w˜]] for some w˜ ∈ W˜ . We choose a decent
lift ˙˜w of w˜ (cf. Lemma 2.2.10) and a coset representative g of gK˘ with ˙˜w =
g−1bσ(g). Then by setting M′ := (Z˘np , ρ( ˙˜w)σ), we have a p-divisible group Y
such that (D(Y)(Z˘p))∗ ∼= M′ as a virtual F -crystal. Furthermore, g ∈ GLn(Q˘p)
induces a tensor-preserving isomorphism of F -isocrystals bM ′[ 1p ], (sα), (sα))
∼−→
(Mb[
1
p ], (sα)), which induces a tensor-preserving quasi-isogeny ι : Y→ Xb.
We set Hb := HY,Y, which makes sense as X ˙˜w is completely slope divisible (cf.
Lemma 2.4.3). Then (3.1.1) gives rise to an isomorphism H˜b(R) ∼= EndR((Xb)R)[ 1p ]
(only depending on ι : Y→ Xb).
We set M′ := (D(Y)(Z˘p))∗. Then since End(sα)(M
′)[ 1p ] ⊂ End(M′)[ 1p ] is a
sub-F -crystal, and it has a Zp-lattice given by tensor-preserving endomorphisms
End(sα)(M
′). We define HGb to be the p-divisible subgroup of Hb := HY,Y such that
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its dual Dieudonné module MGH satisfies
(MGH) = MH ∩ End(sα)(M′)[ 1p ] ⊂ End(M′)[ 1p ].
By construction,MGH[
1
p ] is the non-positive slope part of the F -isocrystal End(sα)(M
′)[ 1p ].
Therefore, for any f-semiperfect Fp-algebra R we have
(B+cris(R)⊗Z˘p MGH)F=1 = End(sα)(B+cris(R)⊗Z˘p M′)F=1;
indeed, the positive slope part of End(sα)(B
+
cris(R)⊗Z˘pM′) does not have any non-
zero F -invariance (cf. the proof of Lemma 4.1.8 in [CS15]).
By [SW13, Theorem A], for any f-semiperfect Fp-algebra R we have
H˜Gb (R) = Hom(Qp/Zp, (HGb )R)[ 1p ] = Hom(B+cris(R), B+cris(R)⊗Z˘p MGH)F=1
= (B+cris(R)⊗Z˘p MGH)F=1 = End(sα)(B+cris(R)⊗Z˘p M′)F=1.
This shows that HGb has the desired property. 
Proposition 3.1.4. In the setting of Lemma 3.1.3 (e.g., under the assumptions (2.5.2,
2.5.3) with XK˘(b; ν) 6= ∅), the formal group scheme H˜Gb only depends on (G, b) up to
isomorphism, not on the choice of (sα) and G ↪→ GL(Λ)Qp . The closed subgroup
H˜Gb ⊂ H˜b only depends on G ↪→ GL(Λ), not on (sα). Furthermore, the dimension of
HGb is 〈2ρ, ν[b]〉, where 2ρ is the sum of all positive roots of GQp and ν[b] is the dom-
inant representative of the conjugacy class of νb. (Here, positive roots and dominant
cocharacters are defined with respect to some choice of BQ˘p ⊂ GQ˘p as in §2.1).
Although HGb is well defined only up to isogeny, the dimension of a p-divisible
group is an isogeny invariant.
Proof. We use the notations as in §2.1 and the proof of Lemma 3.1.3. We con-
structed the p-divisible group HGb using the choice of gK˘ ∈ XK˘(b; ν) such that
[[g−1bσ(g)]] = [[w˜]] for some w˜ (although its universal cover H˜Gb does not depend
on this choice; cf. Lemma 3.1.3). We choose a decent lift ˙˜w of w˜ so that its Newton
cocharacter satisfies ν ˙˜w ∈ X∗(S)Q; cf. Lemma 2.2.10. By modifying the choice of
BQ˘p , we may assume that ν ˙˜w is dominant (i.e., ν ˙˜w = ν[b]).
Note that ρ : G ↪→ GL(Λ) identifies
gQ˘p(:= LieGQ˘p) = End(sα)(M
′)[ 1p ]
as a Lie subalgebra of gl(Λ)Q˘p = End(M
′)[ 1p ]. Therefore, we can also view M
G
H[
1
p ]
as the non-positive slope part of the F -isocrystal (gQ˘p , (ad
˙˜w)σ), where σ on gQ˘p fixes
the Qp-structure g := LieG. In particular, the isogeny class of HGb is determined by
(G, b), and the inclusion HGb ↪→ Hb only depends on G ⊂ GL(Λ), not on the choice
of tensors (sα). Since H˜Gb only depends on the isogeny class of HGb , we obtain the
independence claims in the statement.
Let us now describe the slope decomposition of the isocrystal
(gQ˘p , (ad
˙˜w)σ).
As in §2.1, we fix the maximal Q˘p-split torus S ⊂ G defined over Qp. We choose a
Q˘p-rational borel subgroup BQ˘p ⊂ GQ˘p so that ν ˙˜w is dominant. With respect to this
choice, we obtain the set of relative roots Φ0 for GQ˘p , and the subset of positive
relative roots Φ+0 . We also have the following decomposition:
gQ˘p = t⊕
( ⊕
α0∈Φ0
uα0
)
,
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where t = Lie(TQ˘p) is the Lie algebra of T = ZG(S) over Q˘p, and uα0 is the α0-
eigenspace with respect to the adjoint action of S(Q˘p).
To obtain the slope decomposition for (gQ˘p , (ad
˙˜w)σ), it suffices to get the slope
decomposition for the Q˘p-σr-space (gQ˘p , ((ad ˙˜w)σ)
r) for some suitable r. We may
choose r so that ( ˙˜wσ)r = prν[b]σr ∈ T (Q˘p)oσZ and the borel subgroup BQ˘p ⊂ GQ˘p
is actually defined over Qpr . Note that the Qpr -rationality of BQ˘p ensures that
each uα0 is naturally defined over Qpr ; in particular, they are stable under σr.
Furthermore, since ((ad ˙˜w)σ)r = ad(prν[b])σr, it follows that
• for any α0 ∈ Φ0, ((ad ˙˜w)σ)r acts on uα0 by p〈α0,rν[b]〉σr;
• ((ad ˙˜w)σ)r acts on t as σr.
Therefore, it follows that t ⊂ gQ˘p is a sub-isocrystal pure of slope 0, and uα0 is
contained in the sub-isocrystal pure of slope 〈α0, ν[b]〉. By dominance of ν[b], 〈α0, νb〉
is negative only if α0 is a negative relative root. Therefore, we have
MGH =
 ⊕
α0∈Φ+0
u−α0
⊕
 ⊕
α0∈Φ+0 s.t. 〈α0,ν[b]〉=0
uα0
⊕ t.
Note that only u−α0 with 〈α0, ν[b]〉 > 0 contributes to dimHGb , and we have
(3.1.5) dimHGb =
∑
α0∈Φ+0
〈α0, ν[b]〉dim uα0
(Note that dim uα0 = dim u−α0 .)
Now let Φ+ ⊂ X∗(T ) denote the set of positive (absolute) roots for GQ˘p (where
the positivity is defined by BQ˘p), and for α ∈ Φ+ we write uα for the α-eigenspace
for the adjoint action of T (Q˘p) on gQ˘p , which is necessarily one-dimensional. For
any positive relative root α0 ∈ Φ0, we have
uα0 ⊗Q˘p Q˘p =
⊕
α∈Φ+ s.t. α|S(Q˘p)=α0
uα;
In particular, dim uα0 is equal to the number of absolute roots α with α|S(Q˘p) = α0.
Since we have 〈α, ν[b]〉 = 〈α|S(Q˘p), ν[b]〉 for any absolute root α (as ν[b] ∈ X∗(S)Q,+),
formula (3.1.5) becomes
dimHGb =
∑
α∈Φ+
〈α, ν[b]〉 = 〈
∑
α∈Φ+
α, ν[b]〉 =: 〈2ρ, ν[b]〉,
as desired. 
3.2. Self quasi-isogeny groups. Let Qisg(Xb) denote the sheaf of groups on NilpZ˘p ,
sending R to the group of self quasi-isogenies of (Xb)R/p. Then Qisg(Xb) can be
represented by a formal group scheme over Spf Z˘p; cf. [CS15, Lemma 4.2.10]. In-
deed, we have a closed immersion of formal schemes Qisg(Xb) ↪→ (H˜b)2 given by
γ 7→ (γ, γ−1), inducing a natural bijection
Qisg(Xb)(R)
∼−→ {(γ, γ′) ∈ (H˜b)2(R) : γ ◦ γ′ = γ′ ◦ γ = id}
for any R ∈ NilpZ˘p . (Here, we identify (H˜b)(R) = End((Xb)R/p)[ 1p ].) Similarly, we
can make the following definition.
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Definition 3.2.1. In the setting of Lemma 3.1.3 (e.g., under the assumptions (2.5.2,
2.5.3) withXK˘(b; ν) 6= ∅), we define the closed formal subgroup scheme QisgG(Xb) ⊂
Qisg(Xb) over Spf Z˘p, such that the underlying formal subscheme is
QisgG(Xb) = Qisg(Xb)×(H˜b)2 (H˜Gb )2.
Note that we have a closed immersion of formal schemes QisgG(Xb) ↪→ (H˜Gb )2,
inducing a natural bijection
QisgG(Xb)(R)
∼−→ {(γ, γ′) ∈ (H˜Gb )2(R) : γ ◦ γ′ = γ′ ◦ γ = id}
for any R ∈ NilpZ˘p .
The following is a straightforward corollary of Lemma 3.1.3.
Corollary 3.2.2. Let R ∈ NilpZ˘p , and assume that R/p is f-semiperfect. Then γ ∈
Qisg(Xb) lies in QisgG(Xb)(R) if and only if γR/p : (Xb)R/p 99K (Xb)R/p preserves the
tensors (sα).
For the rest of this section, we will describe QisgG(Xb) as a formal scheme,
generalising [CS15, Proposition 4.2.11].
Recall that Jb(Qp) ⊂ G(Q˘p) is the stabiliser of bσ via the conjugation action of
G(Q˘p) on G(Q˘p)oσZ. Similarly, let JGLb (Qp) ⊂ GL(Λ)(Q˘p) denote the stabiliser of
bσ ∈ GL(Λ)(Q˘p) o σZ, viewing G as a subgroup of GL(Λ) using the fixed embed-
ding. Note that Jb(Qp) and JGLb (Qp) are the group of Qp-points of some reductive
group over Qp, so they are equipped with a natural locally profinite topology.
By Dieudonné theory over Fp, we can interpret JGLb (Qp) as the group of self
quasi-isogenies of Xb, and Jb(Qp) ⊂ JGLb (Qp) as the subgroup of tensor-preserving
self quasi-isogenies.
Let Jb(Qp) and JGLb (Qp) respectively denote the formal group schemes over
Spf Z˘p associated to the locally profinite groups Jb(Qp) and JGLb (Qp). (To describe
the underlying formal scheme of Jb(Qp), for any open compact subset U ⊂ Jb(Qp)
such that U is the limit of the projective system of finite sets {Um}, we have an
formal open subscheme U ⊂ Jb(Qp) with U = lim←−Um.)
Recall that Qisg(Xb)(Fp) = JGLb (Qp), so we have a natural map JGLb (Qp) →
Qisg(Xb) of group-valued sheaves on NilpZ˘p as follows: for R ∈ NilpZ˘p , we send
a self quasi-isogeny γ : Xb 99K Xb to γR/p. (This a priori defines a map from the
constant “discrete” group associated to JGLb (Qp), but one can easily see that this
map factors through the constant locally profinite group JGLb (Qp).) It is shown in
[CS15, Proposition 4.2.11] that we have a natural section
(3.2.3) Qisg(Xb)→ JGLb (Qp)
with all the fibres isomorphic to Spf Z˘p[[x1/p
∞
1 , · · · , x1/p
∞
d′ ]]. Here, d
′ = 〈2ρ′, νb〉,
where 2ρ′ is the sum of all the positive roots of GL(Λ)Qp .
Since we have QisgG(Xb)(Fp) = Jb(Qp), we also have a natural map of group-
valued sheaves Jb(Qp)→ QisgG(Xb). Furthermore, we have the following general-
isation of [CS15, Proposition 4.2.11]:
Proposition 3.2.4. The formal subgroup scheme QisgG(Xb) ⊂ Qisg(Xb) is independ-
ent of the choice of tensors (sα) ⊂ Λ⊗, and the formal group scheme QisgG(Xb) only
depends on (G, b) up to isomorphism. Furthermore, there exists a natural section of
formal group schemes
QisgG(Xb)→ Jb(Qp),
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with all the fibres isomorphic to Spf Z˘p[[x1/p
∞
1 , · · · , x1/p
∞
d ]] as a formal scheme. Here,
d = 〈2ρ, ν[b]〉, where 2ρ is the sum of all the positive roots of GQp and ν[b] is the
dominant representative of the conjugacy class of νb.
Remark 3.2.5. We set Qisg◦G(Xb) := ker
(
QisgG(Xb) → Jb(Qp)
)
. Then Proposi-
tion 3.2.4 implies that
QisgG(Xb) = Qisg
◦
G(Xb)o Jb(Qp).
Proof of Proposition 3.2.4. The independence of the choice of tensors (sα) follows
from the same property for HGb . Clearly, the natural section Qisg(Xb)  JGLb (Qp)
restricts to QisgG(Xb) Jb(Qp).
Let HG,◦b be the connected part of HGb , and let H˜G,◦b denote the unique lift over
Z˘p of the universal cover lim←−[p]H
G,◦
b of HG,◦b . We now claim that the following map
QisgG(Xb)
γ 7→(γ,γ−1)
//(H˜Gb )2
(γ1,γ2) 7→γ1−id
//H˜Gb
induces an isomorphism Qisg◦G(Xb)
∼−→ H˜G,◦b of formal schemes, where Qisg◦G(Xb) :=
ker
(
QisgG(Xb)→ Jb(Qp)
)
. Indeed, this isomorphism Qisg◦(Xb)
∼−→ H˜◦b in the case
of GL(Λ)Qp can be read off from the proof of Proposition 4.2.11 in [CS15]. There-
fore, for any γ ∈ H˜G,◦b (R) where p is nilpotent in R and R/p is f-semiperfect,
(id +γ)R/p is a (necessarily tensor-preserving) self quasi-isogeny of (Xb)R/p, so
it defines a section in Qisg◦G(Xb)(R). Conversely, the isomorphism Qisg
◦(Xb)
∼−→
H˜◦b clearly takes Qisg◦G(Xb) to H˜G,◦b . Hence, we obtain the desired isomorphism
Qisg◦G(Xb)
∼−→ H˜G,◦b .
Now, the description of the fibre of QisgG(Xb)  Jb(Qp) follows from Proposi-
tion 3.1.4 and [SW13, Proposition 3.1.3(iii)]. 
4. REVIEW OF KISIN-PAPPAS DEFORMATION RINGS
From now on, we always assume that p > 2.
4.1. Review of Dieudonné display theory. We briefly review and set up the nota-
tion for the theory of Dieudonné displays for p-torsion free complete local noeth-
erian rings with residue field Fp, following [KP15, §3.1]. For more standard refer-
ences for Dieudonné display theory, we refer to Zink’s original paper [Zin01a] and
Lau’s paper [Lau14].
Let R be a complete local noetherian ring with residue field Fp. In [Zin01a],
Zink introduced a p-adic subringW(R) of the ring of Witt vectors W (R), which fits
in the following short exact sequence:
0 //Ŵ (mR) //W(R) //W (Fp) //0,
where Ŵ (mR) := {(ai) ∈ W (mR)| ai → 0}. If p > 2 then W(R) is stable under the
Frobenius and Verschiebung operators of W (R). Recall that W(R) is p-torsion free
if R is p-torsion free (since in that case W (R) is p-torsion free).
Let IR denote the kernel of the natural projection W(R)  R, which coincides
with the injective image of the Verschiebung operator (if p > 2). We let σ : W(R)→
W(R) denote the Witt vector Frobenius map. Also if p > 2 then IR is stable under
the natural divided power structure on the kernel of W (R)  R, and W(R) is a
p-adic divided power thickening of R. (In particular, one can evaluate a crystal over
R at W(R).)
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Definition 4.1.1. A Dieudonné display over R is a tuple
(M,M1,Φ,Φ1),
where
(1) M is a finite free W(R)-module;
(2) M1 ⊂ M is a W(R)-submodule containing IRM , such that M/M1 is free
over R;
(3) Φ : M → M and Φ1 : M1 → M are σ-linear morphism such that pΦ1 =
Φ|M1 and the image of Φ1 generates M .
The Hodge filtration associated to the display is M1/IRM ⊂M/IRM viewed as the
0th filtration (so M/M1 is viewed as the (−1)th grading).
Given a Dieudonné display (M,M1,Φ,Φ1) over R, we let M˜1 denote the image
of σ∗M1 in σ∗M . Then the linearisation of Φ1 induces the following isomorphism
Ψ : M˜1
∼−→M.
If W(R) is p-torsion free (for example, if R is p-torsion free), then given M and
M1 ⊂ M where M/M1 is projective over R, giving a σ-linear map Φ and Φ1 that
makes (M,M1,Φ,Φ1) a Dieudonné display is equivalent to giving an isomorphism
Ψ as above; cf. [KP15, Lemma 3.1.5].
For any complete local noetherian ring R with perfect residue field of character-
istic p > 2, Zink [Zin01a] constructed a natural equivalance between the category
of p-divisible groups over R and the category of Dieudonné displays over R. We
can describe this (covariant) equivalence of categories whenW(R) is p-torsion free
in terms of crystalline Dieudonné theory using Lau’s result [Lau14], as follows.
Assume that W(R) is p-torsion free (for example, p-torsion free R). Then for a
p-divisible group X over R, the (covariantly) associated Dieudonné display is given
by the following data:
(1) M := (D(X)(W(R)))∗ andM1 := ker (M  (D(X)(R))∗  Lie(X)), where
D(X) is the contravariant Dieudonné crystal;
(2) The crystalline Frobenius F : σ∗M [ 1p ]→ M [ 1p ] restricts to an isomorphism
Ψ : M˜1 →M .
Remark 4.1.2. Let X be a p-divisible group over a R as above (with the extra as-
sumption that R is p-torsion free). Let (M,M1,Φ,Φ1) denote the associated Dieud-
onné display. Note that the underlying crystal D(X) together with the crystalline
Frobenius only depends on XR/p. Therefore, the underlying W(R)-module M and
Ψ : (σ∗M)[ 1p ]
∼−→M [ 1p ] are determined by XR/p.
4.2. Review of Kisin-Pappas deformation theory. We begin with the review of
the deformation theory of p-divisible groups with tensors in [KP15, §3]. Let us
first consider the case of GLn We choose b ∈ GLn(Q˘p) such that there exists a p-
divisible group X := Xb over Fp with
(
D(X)(Z˘p)
)∗
= (Z˘p ⊗Zp Λ, bσ) =: M(= Mb),
where Λ = Znp . We also view M as a Dieudonné display (M,M1,Φ,Φ1), where
M1 := (bσ)
−1(M) ⊂ M, Φ1 = bσ and Φ = pbσ. Since we have σ∗M1 ∼= M˜1, it
follows that Ψ : M˜1
∼−→M coincides with the linearisation of Φ1.
Note that M/M1 = LieX and M/pM  M/M1 recovers the natural map(
D(X)(Fp)
)∗  LieX defining the Hodge filtration. Let RGL denote the completed
local ring of a suitable grassmannian variety over Z˘p at the point corresponding to
M/pMM/M1.
In [KP15, §3.1], Kisin and Pappas constructed a Dieudonné display
(MGL,MGL,1,Φ,Φ1)
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over RGL, which is a universal deformation of M with the following properties:
(1) We have MGL = W(RGL)⊗Z˘p M as a W(RGL)-module.
(2) Identifying RGL with the universal deformation ring of the Hodge filtration
M/pM  M/M1 (i.e., the completed local ring of some grassmannian),
the Hodge filtration MGL ⊗W(RGL) RGL  MGL/MGL,1 is the universal
deformation of M/pMM/M1.
(3) The identification of the reduced tangent spaces of the deformation functor
and of Spf RGL is compatible with the one provided by the Grothendieck-
Messing deformation theory (in the sense of [KP15, Lemma 3.1.15]).
Definition 4.2.1. We recall, from [KP15, §3.2.5], the definition of a quotient RG of
RGL ⊗Z˘p OE˘ (where OE˘ is a suitable finite extension of Z˘p). Let G/Zp be a Bruhat-
Tits integral model of G/Qp as in Definition 2.1.1. We additionally assume that
G splits after a tame extension of Qp, p does not divide the order of pi1(Gder) (cf.
(2.5.2)), and the adjoint group of G does not have a factor of type E8.3
We choose a local Shimura datum
(G, [b], {µ})
in the sense of [RV14, Definition 5.1]; in other words, {µ} is a G(Q˘p)-conjugacy
class of minuscule cocharacters of G, and [b] is a σ-G(Q˘p) conjugacy class that is
neutral acceptable for {µ} in the sense of [RV14, Definition 2.3]. Let E˘ ⊂ Q˘p
denote the field of definition of the conjugacy class {µ} over Q˘p, which is a finite
extension of Q˘p.
We choose b ∈ [b] and a closed immersion G ↪→ GL(Λ) such that the following
properties hold:
(1) The image of G = GQp in GL(Λ)Qp contains scalar matrices.
(2) The closed immersion G ↪→ GL(Λ) sends {µ} to {νd} for some d, where νd
is the minuscule cocharacter of GLn as in Example 2.5.1; cf. (2.5.3).
(3) There exists a p-divisible group X := Xb over Fp with
(
D(X)(Z˘p)
)∗
=
(Z˘p ⊗Zp Λ, bσ) =: M(= Mb) as a virtual F -crystal. Furthermore, there
exists a cocharacter µX : Gm → GL(Λ)OK over some finite extension OK
of OE˘ , such that its generic fibre factors through GK and its special fibre
induces the Hodge filtration of X.
Under these assumptions, the identity right coset K˘ ∈ G(Q˘p)/K˘ belongs toXK˘(b;σ∗µ);
cf. [Zho17, §5.4]. In this case, we have constructed the formal closed subgroup
scheme QisgG(X) ⊂ Qisg(X) (cf. Definition 3.2.1), which can be applied since we
have (2.5.2, 2.5.3) and XK˘(b;σ
∗µ) 6= 0 (with ν = σ∗µ).
Such b ∈ [b] and G ↪→ GL(Λ) exist if the local Shimura datum (G, [b], {µ}) comes
from a Hodge-type Shimura datum (using [KP15, Corollary 2.3.16]), but they may
not exist for an arbitrary local Shimura datum.
Recall that we have a natural closed immersion MlocG◦,{µ} ↪→ (MlocGL(Λ),{νd})OE˘ of
Pappas-Zhu local models (cf. (2.5.5)), and MlocGL(Λ),{νd} is the grassmannian over
Z˘p classifying rank-d quotients. Furthermore, the Hodge filtration of X lies in the
image of MlocG◦,{µ}; indeed, the filtration defined by the cocharacter µX gives an
OK -point of the local model MlocG◦,{µ}; cf. [KP15, §3.2.5].
3We assume that p - |pi1(Gder)| to ensure that the local model MlocG◦,{µ} is normal (so the “deform-
ation ring” RG is normal). The rest of the assumptions are made because we need to have [KP15,
Proposition 1.4.3] for the deformation theory, which is proved under the assumption that G splits after
a tame extension and the adjoint group of G has no factor of type E8.
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We identify RGL as the completed local ring of the grassmannian MlocGL(Λ),{µ} at
the Fp-point corresponding to the Hodge filtration of X. We set RG as the comple-
tion of MlocG◦,{µ} at the same Fp-point. Using the assumption that p does not divide
the order of pi1(Gder), it follows that RG ⊗OE˘ OK is normal for any finite extension
K of E˘; cf. [KP15, Corollary 2.1.3].
We choose finitely many tensors (sα) ⊂ Λ⊗ whose pointwise stabiliser is (the
image of) G inside GL(Λ). UsingM = Z˘p⊗ZpΛ, we view (sα) ⊂M⊗. Furthermore,
by viewing M˜1 ⊂ (σ∗M)[ 1p ] = Q˘p⊗Zp Λ, we may view (sα) ⊂ (M˜1)⊗[ 1p ]. And since
Φ1 = bσ with b ∈ G(Q˘p), it follows that (sα) ⊂ (M˜1)⊗, and Ψ : M˜1 ∼−→ M
preserves the tensors (sα). (Here, M˜1 is the image of σ∗M1 in σ∗M, and Ψ is the
isomorphism induced by the linearisation of Φ1.)
Let (MG ,MG,1,Φ,Φ1) denote the base change of the universal deformation of
displays (MGL,MGL,1,Φ,Φ1) to RG . Using MG = W(RG) ⊗Z˘p M, we view (sα) as
elements in M⊗G or in (σ
∗MG)⊗. As before, we denote by M˜G,1 the image of σ∗MG,1
in σ∗MG , and Ψ : M˜G,1
∼−→MG the isomorphism induced by the linearisation of Φ1.
The following proposition can be deduced from [KP15, §3.2].
Proposition 4.2.2. In the setting of Definition 4.2.1, the tensors (sα) ⊂ (σ∗MG)⊗ lie
in M˜⊗G,1. Furthermore, Ψ : M˜G,1
∼−→MG preserves the tensors (sα).
Proof. The claim that (sα) ⊂ M˜⊗G,1 is proved in [KP15, Corollary 3.2.11]. Note
that for any ξ : RG → OK for any finite extension OK of OE˘ , the scalar extension
Ψ via ξ preserves the tensors (sα) by [KP15, Proposition 3.2.17(2)]. Since RG [ 1p ]
is Jacobson, it follows that Ψ preserves the tensor after the scalar extension to
W (RG [ 1p ]). As W(RG) is a subring of W (RG [
1
p ]), we conclude that Ψ : M˜G,1
∼−→MG
preserves the tensors (sα). 
For a finite extension O of OE˘ , one can characterise which deformation X over
O defines an O-point of RG via the lifts of crystalline tensors (sα); cf. [KP15,
Proposition 3.2.17]. We will recall the statement in Proposition 4.2.6. For this, we
need some preparation.
Let ξ : RGL → O where O is a finite extension of OE˘ , and let (Mξ,Mξ,1,Ψ) de-
note deformation of (M,M1,Ψ) corresponding to ξ. Then by [KP15, Lemma 3.1.17],
there exists a unique Ψ-equivariant isomorphism
(4.2.3) W(O)⊗Z˘p M[ 1p ]
∼−→Mξ[ 1p ]
which reduces to the identity map onMξ[ 1p ] after the scalar extension byW(O)[
1
p ]
W(Fp)[ 1p ] = Q˘p. Alternatively, one can obtain this isomorphism as follows. Let Xξ
be the p-divisible group associated to (Mξ,Mξ,1,Ψ), and consider the unique quasi-
isogeny ιξ : Xξ,O/p 99K XO/p lifting the identity map on X. Then ιξ induces the
isomorphism of F -isocrystals D(Xξ,O/p)∗[ 1p ]
∼−→ D(XO/p)∗[ 1p ], and the map on the
W(O)-sections coincides with the isomorphism (4.2.3).
Using this isomorphism (4.2.3), we obtain the tensors
(4.2.4) (sα) ⊂ (Mξ)⊗[ 1p ].
By the discussion earlier, (sα) ⊂ (Mξ)⊗[ 1p ] can also be obtained from the W(O)-
sections of the maps of F -isocrystals, also denoted by (sα):
(4.2.5) sα : 1→ (D(Xξ,O/p)∗)⊗[ 1p ].
Note that the scalar extension by W(O)  W(Fp) sends the tensors (sα) ⊂
M⊗ξ [
1
p ] (4.2.3) to (sα) ⊂M⊗[ 1p ], the tensors that we started with.
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Proposition 4.2.6. In the setting as above, ξ : RGL → O factors through RG if and
only if the following condition holds:
(1) The tensors (sα) ⊂M⊗ξ [ 1p ], defined in (4.2.4), lie in M⊗ξ .
(2) There exists an W(O)-linear isomorphism
W(O)⊗Z˘p M ∼= Mξ,
preserving the tensors (sα).
(3) Let K := O[ 1p ]. Using the isomorphism (4.2.3) modulo IO
K ⊗Zp Λ = K ⊗Z˘p M ∼= K ⊗W(O) Mξ,
the Hodge filtration (Mξ,1/IOMξ)[ 1p ] ⊂ K ⊗Zp Λ is given by a G-valued
cocharacter µξ : Gm → GK that belongs to the geometric conjugacy class of
cocharacters {µ} associated to b ∈ G(Q˘p) in the sense of Definition 4.2.1.
Proof. By [KP15, Proposition 3.2.17, Lemma 3.2.13], if ξ factors through RG then
the tensors (sα) satisfy all the conditions listed in the statement; note that the
tensors (s˜α) ⊂ M⊗ξ in [KP15, Proposition 3.2.17] should coincide with our (sα)
in (4.2.4) by [KP15, Lemma 3.2.13]. The converse follows from [KP15, Proposi-
tion 3.2.17]. 
Definition 4.2.7. In the setting of Proposition 4.2.6, assume that ξ : RGL → O
satisfies Proposition 4.2.6(3). (This is satisfied if ξ factors through RG .) Let T (Xξ)
denote the integral Tate module of Xξ. Then by the crystalline comparison iso-
morphism Bcris ⊗Zp T (Xξ) ∼= Bcris ⊗Z˘p M, we obtain Galois-invariant tensors
(sα,ét) ⊂ T (Xξ)⊗[ 1p ].
Let us now recall the statement of [KP15, Proposition 3.3.13]:
Proposition 4.2.8. The map ξ : RGL → O factors through O if the following condi-
tions hold:
(1) The map ξ satisfies Proposition 4.2.6(3).
(2) We have (sα,ét) ⊂ T (Xξ)⊗, and there exists a Z˘p-linear isomorphism M ∼=
Z˘p ⊗Zp T (Xξ) matching (sα) with (sα,ét).
Remark 4.2.9. We stated Proposition 4.2.8 in a slightly more restrictive form than
[KP15, Proposition 3.3.13]; namely, Proposition 4.2.8(2) is more stringent than loc.
cit. Indeed, assuming that ξ : RG → O satisfies that (sα,ét) ⊂ T (Xξ)⊗, it seems that
the following Zp-scheme
Isom([Λ, (sα)], [T (Xξ), (sα,ét)])
may be a non-trivial G-torsor if G 6= G◦, so Proposition 4.2.8(2) may not be satisfied.
It is possible, with a little more work, to improve Proposition 4.2.8 to a necessary
and sufficient condition. On the other hand, we are interested in the deformation
ring RG that occurs as the completed local ring of some parahoric-level integral
model of Hodge-type Shimura varieties constructed in [KP15]. In that case, we can
arrange so that any ξ : RG → O satisfies Proposition 4.2.8(2). (See [KP15, §4.1.7]
for more details.)
4.3. The action of Qisg◦G(X) on Spf RG . Recall that Spf RGL can be regarded as
the completion of some Rapoport-Zink space. In other words, for any local Z˘p-
algebra R where p is nilpotent, HomZ˘p(RGL, R) is in natural bijection with the
isomorphism class of pairs (X, ι) where X is a deformation of X over R and ι :
XR/p 99K XR/p is a quasi-isogeny lifting idX : X → X. Therefore, we get a natural
action of Qisg◦(X) on Spf RGL as follows: γ ∈ QisgG(Xb)(R) sends (X, ι) to (X, γ ◦
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ι). (Indeed, the full self quasi-isogeny group Qisg(X) naturally act on the Rapoport-
Zink space, and it restricts to this Qisg◦(X)-action on the completion Spf RGL.)
Recall that the construction QisgG(X) ⊂ Qisg(X) can be applied to the setting of
Definition 4.2.1. The goal of this section is to prove the following theorem:
Theorem 4.3.1. Assume that any ξ : Spf O → Spf RG satisfies Proposition 4.2.8(2),
where O is a finite extension of OE˘ .
4 Then the natural Qisg◦(X)-action on Spf RGL
restricts to a natural Qisg◦G(X)-action on Spf RG; in other words, the morphism of
formal schemes
(4.3.2) Qisg◦G(X)×Spf Z˘p Spf RG → Spf(RGL ⊗Z˘p OE˘),
defined by the natural Qisg◦(X)-action on Spf RGL, factors through Spf RG .
We can deduce this theorem from the following proposition:
Proposition 4.3.3. Let O be a finite extension of OE˘ , and assume that ξ : Spf O →
Spf RG satisfies Proposition 4.2.8(2). Then the following map
Qisg◦G(X)×Spf Z˘p Spf O
(id,ξ)
//Qisg◦G(X)×Spf Z˘p Spf RG
(4.3.2)
//Spf(RGL ⊗Z˘p OE˘)
factors through RG .
Granting Proposition 4.3.3, one can deduce Theorem 4.3.1 as follows:
Proof of Theorem 4.3.1. We write the underlying formal scheme for Qisg◦G(X) as
Spf S∞G with S
∞
G = Z˘p[[x
1/p∞
1 , · · · , x1/p
∞
d ]]; cf. Proposition 3.2.4. Then the map
(4.3.2) can be written as
(4.3.4) RGL ⊗Z˘p OE˘ → RG⊗̂Z˘pS∞G = RG [[x
1/p∞
1 , · · · , x1/p
∞
d ]].
We want to show that this map factors through the quotient RG .
By Proposition 4.3.3, the following map
(4.3.5) RGL ⊗Z˘p OE˘
(4.3.4)
//RG⊗̂Z˘pS∞G
ξ
//O⊗̂Z˘pS∞G = O[[x
1/p∞
1 , · · · , x1/p
∞
d ]]
factors through RG for any ξ : RG → O (where O is a finite extension of OE˘). Since
SpecRG is the Zariski closure of SpecRG [ 1p ] in Spec(RGL ⊗Z˘p OE˘), the kernel of
(4.3.4) is the intersection of the kernel of (4.3.5), which should coincide with the
kernel of the natural projection RGL ⊗Z˘p OE˘  RG by Proposition 4.3.3. 
Proof of Proposition 4.3.3. Let Xξ denote the deformation of X over O correspond-
ing to ξ, and let ιξ : (Xξ)O/p 99K XO/p denote the unique quasi-isogeny lifting
the identity map of X. We choose a complete algebraically closed extension C of
K = Frac(O), and view ξ as an OC -point of RG . By (completed) scalar extension
of (4.3.5) over OC , we obtain the following map
(4.3.6) RGL ⊗Z˘p OE˘ → S∞G ⊗̂Z˘pOC = OC [[x
1/p∞
1 , · · · , x1/p
∞
d ]],
which is determined by the following properties:
(1) The universal deformation of X pulls back to the base change of Xξ via
O → S∞G ⊗̂Z˘pOC .
4As explained in Remark 4.2.9, this assumption can be arranged if RG came from some integral
model of Shimura varieties constructed in [KP15].
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(2) For any open ideal I ⊂ S∞G ⊗̂Z˘pOC containing p such that the quotient
(S∞G ⊗̂Z˘pOC)/I is f-semiperfect, the map RGL → (S∞G ⊗̂Z˘pOC)/I, induced
by (4.3.6) corresponds to the following quasi-isogeny
(Xξ)(S∞G ⊗̂Z˘pOC)/I
ιξ
//X(S∞G ⊗̂Z˘pOC)/I
γuniv
//X(S∞G ⊗̂Z˘pOC)/I ,
where γuniv ∈ Qisg◦G(X)((S∞G ⊗̂Z˘pOC)/I) is the tautological point.
The quasi-isogeny γuniv◦ιξ preserves the tensors (sα) in the sense of Definition 3.1.2.
Let SG,ξ ⊂ S∞G ⊗̂Z˘pOC denote the image of RGL by (4.3.6). Since SG,ξ is p-
torsion free by construction, it suffices to show that for any finite extension O ′ of
O, any map RGL  SG,ξ → O ′ factors through RG .
For ξ′ : SG,ξ → O ′, let us also choose O ′ ↪→ OC , where C is the fixed com-
plete algebraically closed extension of Frac(O). We also choose and a map ξ′OC :
Spf OC → Qisg◦G(X) over ξ′. Let Xξ′ denote the deformation of X over O ′ corres-
ponding to ξ′. By construction, we have Xξ′,OC = Xξ,OC , where ξ : RG → O is
the fixed O-point in the statement of Proposition 4.3.3. Furthermore, the following
maps of F -isocrystals
sα : 1→ D(Xξ′,O′/p)⊗[ 1p ] and sα : 1→ D(Xξ,O/p)⊗[ 1p ]
coincide after the base change over OC/p.
Now we want to show that ξ′ : RGL → O ′ factors through RG by applying
Proposition 4.2.8. The condition on the Hodge filtration (Proposition 4.2.8(1)) is
straightforward, as it can be checked after the base change over C, and ξ satisfies
Proposition 4.2.8(1).
It remains to verify the condition on étale tensors (Proposition 4.2.8(2)). Note
that we have a natural Zp-linear isomorphism
T (Xξ) = T (Xξ′)
induced by the identification Xξ,OC = Xξ′,OC . Furthermore, this identification
preserves the tensors (sα,ét). Indeed, the étale tensors (sα,ét) ⊂ T (Xξ′)⊗[ 1p ] are
determined by the maps of F -isocrystals sα : 1 → D(Xξ′,OC/p)⊗[ 1p ] and the Hodge
filtration for Xξ′,OC ; indeed, this datum determines the tensors of a certain vector
bundle respecting the modification (associated to Xξ′,OC ), which determines the
étale tensors by extending the comparison map [SW13, Corollary 5.1.2] to tensors
of vector bundles with modifications; cf. [FF12, Theorem 6.1] and the subsequent
Remark. Since (T (Xξ), (sα,ét)) satisfies Proposition 4.2.8(2), the same holds for
(T (Xξ′), (sα,ét)). 
Remark 4.3.7. Assume that G is a reductive group over Zp, and (X, (sα)) comes from
a mod p point of some integral canonical model of Hodge-type Shimura varieties
(with hyperspecial level structure at p). Then one can define Hodge-type Rapoport-
Zink spaces (cf. [Kim13], [HP15]) and Hodge-type Igusa towers (cf. [Ham16b]),
and it is not difficult to deduce from Theorem 4.3.1 that the full tensor-preserving
self quasi-isogeny group QisgG(X) acts on Hodge-type Rapoport-Zink spaces and
Igusa towers. Indeed, we have QisgG(X) = Qisg
◦
G(X) o Jb(Qp), and the action of
Jb(Qp) on these spaces are already defined.
Definition 4.3.8. Let O be a finite extension of OE˘ , and assume that ξ : Spf O →
Spf RG satisfies Proposition 4.2.8(2). Then let Qisg◦G(X)ξ denote the Qisg
◦
G(X)-
orbit of ξ; more precisely, we define Qisg◦G(X)ξ := Qisg
◦
G(X)×Spf Z˘p Spf O, viewed
as a formal scheme over RG via the map defined in Proposition 4.3.3. We similarly
define a formal scheme Qisg◦(X)ξ := Qisg◦(X)×Spf Z˘p Spf O over RGL.
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We need the following lemma in the next section:
Lemma 4.3.9. In the setting of Definition 4.3.8, let C be any algebraically closed
complete extension of Frac(O). Then, ξ′ ∈ Qisg◦(X)ξ(OC) lies in Qisg◦G(X)ξ(OC) if
and only if ξ′ defines an OC -point of RG .
Proof. By Proposition 4.3.3, any ξ′ ∈ Qisg◦G(X)ξ(OC) defines an OC -point of RG .
Conversely, let us assume that ξ′ ∈ Qisg◦(X)ξ(OC) defines an OC -point of RG , and
show that ξ′ ∈ Qisg◦G(X)ξ(OC).
Let Spf S ⊂ Spf RGL and Spf SG ⊂ Spf RG respectively denote the smallest
closed formal subschemes which the structure morphisms Qisg◦(X)ξ → Spf RGL
and Qisg◦G(X)ξ → Spf RG factor through. We want to show that the natural inject-
ive map (Spf SG)(OC) → (Spf S ⊗Z˘p RG)(OC) is bijective. By the Zariski density
consideration, it suffices to show that if ξ′ ∈ (Spf S ⊗Z˘p RG)(OC) is defined over
some finite extension O ′ of O, then ξ′ lies in the image of (Spf SG)(OC). For such
ξ′, we use the same letter ξ′ to denote the O ′-point ξ′ : RG → O ′ descending the
OC -point.
Let Xξ′ denote the p-divisible group over O ′ corresponding to ξ′. Then we have
a unique quasi-isogeny
ιξ′ : Xξ′,O′/p 99K XO′/p,
lifting the identity map on X. And as ξ′ is an O ′-point of RG , the quasi-isogeny ιξ′
is tensor-preserving. Therefore, the quasi-isogeny
ι−1ξ′ ◦ ιξ : Xξ,O′/p 99K Xξ′,O′/p
is tensor-preserving. Finally, using Xξ′,OC = Xξ,OC (which comes from the fact
that ξ′ ∈ Qisg◦(X)(OC)), it follows that the pull back of ι−1ξ′ ◦ ιξ over OC/p is
a tensor-preserving self quasi-isogeny of Xξ,OC/p, hence defines an element γξ ∈
Qisg◦G(X)(OC). Furthermore, by construction we have γξ′ · ξ = ξ′, where γξ′ · ξ
refers to the natural action of γξ′ ∈ Qisg◦(X)(OC) on ξ ∈ RGL(OC). This shows
that ξ′ ∈ Qisg◦G(X)ξ(OC), as we have claimed. 
5. ALMOST PRODUCT STRUCTURE IN KISIN-PAPPAS DEFORMATION RINGS
Throughout this section, we set R¯GL := RGL/pRGL and R¯G := RG/mE˘RG . For
any ring R of characteristic p, we let Rp
−∞
denote the perfection of R. If R is
a complete local noetherian ring of characteristic p, then we write R̂p
−∞
for the
mR-adic completion of Rp
−∞
. We use the similar notation for schemes and formal
schemes of characteristic p.
5.1. Central leaves. For any geometric point x¯ : Specκ→ Spec R¯G (with κ algeb-
raically closed), let Xx¯ denote the fibre of the universal deformation of p-divisible
groups over RG . Then the Dieudonné display (MG,x¯,MG,x¯,1,Ψ) of Xx¯ can be expli-
citly described as follows: we have MG,x¯ = W (κ) ⊗x¯,W(RG) MG , MG,x¯,1 is defined
so that its associated Hodge filtration is the fibre of the Hodge filtration associated
to (MG ,MG,1), and Ψ : M˜G,x¯,1
∼−→ MG,x¯ is the fibre of Ψ : M˜G,1 ∼−→ MG . We also
have the fibre (sα,x¯) ⊂M⊗G,x¯ of the tensors (sα) ⊂M⊗G .
Proposition 5.1.1. There exists a reduced closed subscheme of CG ⊂ Spec R¯G , also
denoted by C[[b]]G , such that a geometric point x¯ : Specκ → Spec R¯G (with κ algeb-
raically closed) factors through CG if and only if we have Xx¯ ∼= Xκ. Furthermore,
if x¯ defines a geometric point of CG , then there exists an isomorphism of Dieudonné
displays MG,x¯ ∼= W (κ)⊗Z˘p M sending (sα,x¯) to (1⊗ sα) ⊂W (κ)⊗Z˘p M⊗.
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Proof. The proof is completely analogous to the proof of [Ham16a, Proposition 2.14].
Since R¯G is excellent (as it is a complete local noetherian ring), Oort [Oor04, Pro-
position 2.2] constructed the reduced closed subscheme CG ⊂ Spec R¯G such that a
geometric point x¯ lands in CG if and only if Xx¯ is isomorphic to X. It remains to
show that the isomorphism can be chosen to preserve the tensors.
Let XCG denote the restriction of the universal deformation over CG . Recall
that for each n there exists a scheme CG,n finite and surjective over CG such that
XCG,n [p
n] ∼= X[pn]CG,n . Therefore, over the perfection D of lim←−CG,n we have XD ∼=
XD.
For any open affine subscheme SpecR ⊂ D, we can define a “Dieudonné dis-
play” (MR,MR,1,Ψ) over R, obtained as the base change of MG; in other words,
MR := W (R)⊗W(RG)MG , and the rest of the datum is defined so that the Hodge fil-
tration and Ψ are compatible with the scalar extension. Then we get the Ψ-tensors
(sα,R) ⊂ M⊗R by the scalar extension of (sα) ⊂ M⊗G . Since XD ∼= XD, we have a
Ψ-equivariant isomorphism MR ∼= W (R)⊗Z˘p M lifting the identity map on M. So
it follows from [RR96, Lemma 3.9] that (sα,R) coincide with the scalar extensions
of (sα) ⊂M⊗.
Let κ be an algebraically closed extension of Fp. Then any κ-valued point x¯ of
CG can be lifted to D without increasing κ (since D is pro-finite surjective over
CG . Choosing such a lift (and an open affine neighbourhood of it), we obtain a
tensor-preserving isomorphism MG,x¯ ∼= W (κ)⊗Z˘pM. This concludes the proof. 
By applying Proposition 5.1.1 to RGL, we obtain CGL ⊂ Spec R¯GL. It is known
that
(5.1.2) CGL ∼= SpecFp[[x1, · · · , xd′ ]].
Here, d′ = 〈2ρ′, ν[b]〉 where 2ρ′ is the sum of positive roots of GL(Λ), and ν[b] is
the dominant representative of the conjugacy class of νb where b ∈ GL(Λ)(Q˘p)
is obtained from the Dieudonné module of X. (Indeed, if X is completely slope
divisible, then one even has an explicit description of coordinates; cf. [Cha05, §7].5,
and the general case follows from this special case.) Recall from Proposition 3.2.4
that d′ = dim Qisg◦(X)Fp .
Theorem 5.1.3. Assume that there exists ξ : Spf O → Spf RG that satisfies Proposi-
tion 4.2.8(2).6 Let Ĉp
−∞
G be the formal completion of the perfection of CG . Then Ĉ
p−∞
G
is the Qisg◦G(X)Fp -orbit of the closed point of Spf R¯G . In other words, there exists an
isomorphism Qisg◦(X)Fp
∼= Ĉp−∞G which fits in the following commutative diagram
Qisg◦G(X)×Spf Z˘p SpecFp
  //
∼=

Qisg◦G(X)Fp × Spf R¯G

Ĉp
−∞
G // Spf R¯G
,
where the right vertical map is defined by Theorem 4.3.1.
Proof. Consider the map Qisg◦G(X)Fp → Spf R¯G induced by the natural action of
Qisg◦G(X)Fp on the closed point (i.e., the composition of the top horizontal arrow
and the right vertical arrow in the diagram of the statement). By Proposition 5.1.1,
5See also [Ham16a, §3.2] for the statement and argument which works for more general connected
reductive groups over Zp instead of GL(Λ).
6As explained in Remark 4.2.9, this assumption can be arranged if RG came from some integral
model of Shimura varieties constructed in [KP15].
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it factors through the completion of CG so in turn it factors through Ĉ
p−∞
G by per-
fectness of Qisg◦G(X)Fp . Therefore, we obtain a natural map
(5.1.4) Qisg◦G(X)Fp → Ĉ
p−∞
G
(not proven to be an isomorphism yet), which fits in the above commutative dia-
gram.
Let us first handle the special case when G = GL(Λ) and X is completely slope
divisible. Then the universal deformation XCGL restricted to CGL is completely
slope divisible (cf. [Man02, §2.4.2]) and the associated grading of the slope filtra-
tion is isomorphic to XCGL (cf. [Man02, Lemma 3.4]). It follows that we have an
isomorphism X
Ĉp
−∞
GL
∼= X
Ĉp
−∞
GL
, since the slope filtration of a completely slope divis-
ible p-divisible group canonically splits over a perfect base. Therefore, the natural
map Ĉp
−∞
GL → Spf RGL corresponds to a quasi-isogeny
X
Ĉp
−∞
GL
∼= X
Ĉp
−∞
GL
99K X
Ĉp
−∞
GL
,
which corresponds to a map Ĉp
−∞
GL → Qisg◦(X)Fp . This gives the inverse of (5.1.4).
Now if we retain the assumption that G = GL(Λ) and allow X to be any p-
divisible group, then there exists a quasi-isogeny γ : X 99K X′ for some completely
slope divisible p-divisible group X′ over Fp. Note that γ induces an isomorphism
Qisg◦(X) ∼= Qisg◦(X′) defined by the “conjugation by γ”. If we let C′GL denote
the central leaf in the universal deformation ring of X′, then by [Ham16a, Propos-
ition 4.2(2)] we have a Qisg◦(X)-equivariant isomorphism Ĉp
−∞
GL
∼= Ĉ′p−∞GL . This
proves the case when G = GL(Λ).
Now, let us handle the general case. By the proof of Proposition 5.1.1, CG is the
underlying reduced scheme of CGL ×SpecRGL SpecRG . From the GL(Λ)-case, the
natural map Qisg◦G(X)Fp → Ĉ
p−∞
G (5.1.4) is a closed immersion. Let us first show
that this is an isomorphism.
We fix ξ : RG → O (for some finite extension O of OE˘) that satisfies Proposi-
tion 4.2.8(2). Then the unique O-lift of Ĉp
−∞
GL can be identified with Qisg
◦(X)ξ (cf.
Definition 4.3.8), and this lift respects the map to Spf RGL. Let DG,ξ ⊂ Qisg◦(X)ξ
denote the unique O-flat formal closed subscheme with special fibre Ĉp
−∞
G . By
construction, we have a natural closed immersion
Qisg◦G(X)ξ ↪→ DG,ξ.
Furthermore, this map induces a bijection on the set of OC -points for any algebra-
ically closed complete extension C of Frac(O) by Lemma 4.3.9, so it has to be an
isomorphism. (To see this, we may replace Qisg◦G(X)ξ and DG,ξ with the smallest
formal closed subschemes of Spf RG which the structure morphism factors through,
and conclude by Zariski density.) By reducing this isomorphism modulo mO , we
show that (5.1.4) is an isomorphism. This shows the theorem in general. 
Remark 5.1.5. Theorem 5.1.3 does not force CG to be isomorphic to a formal spec-
trum of a formal power series ring over Fp. It seems plausible to show that CG
is formally smooth by generalising the construction of “generalised Serre-Tate co-
ordinates” (cf. [Ham16a, §3.2]). Later in this paper, we show the formal smooth
of CG in the case when RG arises from the completed local ring of some integ-
ral model of parahoric-level Hodge-type Shimura variety (constructed by Kisin and
Pappas [KP15]); cf. Corollary 5.3.1.
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5.2. Product structure of the Newton stratum. Let NGL ⊂ Spec R¯GL be the
closed Newton stratum; i.e., NGL is defined by the property that x¯ : Specκ →
Spec R¯GL factors through NGL if and only if Xx¯ is isogenous to Xκ. We also define
the isogeny leaf JGL ⊂ Spec R¯GL; i.e., the maximal closed subset (viewed as a
reduced subscheme) where there exists a quasi-isogeny XJGL 99K XJGL over JGL
(not just over the formal completion of JGL) which lifts the identity map on X.
Identifying RGL as a completed local ring of some Rapoport-Zink space, JGL is
the spectrum of the completed local ring of the underlying reduced scheme of the
Rapoport-Zink space. Note that JGL ⊂ NGL.
Let us first recall the almost product structure of the Newton stratum [Ham16a,
§4.1] in our language. LetXJGL denote the restriction of the universal deformation,
and we have a quasi-isogeny ι : XJGL 99K XJGL . Then the natural Qisg◦(X)-action
on Spf RGL induces the following map
(5.2.1) Qisg◦(X)Fp × Ĵ
p−∞
GL → Spf R¯GL.
Identifying RGL as a completed local ring of some Rapoport-Zink space, the map
(5.2.1) is given by the following quasi-isogeny over Qisg◦(X)Fp × Ĵ
p−∞
GL
(5.2.2) pr∗2 XĴp−∞GL
pr∗2(ι) //X
Qisg◦(X)Fp×Ĵ
p−∞
GL
pr∗1(γ
u)
//X
Qisg◦(X)Fp×Ĵ
p−∞
GL
,
where pri (with i = 1, 2) is the ith projection from Qisg
◦(X)Fp × Ĵ
p−∞
GL .
The following can be read off from the work of Hamacher:
Proposition 5.2.3. The map (5.2.1) induces an isomorphism
Qisg◦(X)Fp × Ĵ
p−∞
GL
∼−→ N̂p−∞GL .
Furthermore, it coincides with the completion of the natural isomorphism pi∞ : C
p−∞
GL ×
Jp
−∞
GL
∼−→ Np−∞GL in [Ham16a, Corollary 4.4] via the identification Qisg◦(X)Fp ∼=
Ĉp
−∞
G given by Theorem 5.1.3.
Proof. Note that the map (5.2.1) factors through the closed Newton stratum; in-
deed, since Qisg◦(X)Fp×Ĵ
p−∞
GL is an affine formal scheme we can view the p-divisible
group pr∗2 XĴp−∞GL
over the affine scheme algebraising its base formal scheme, and
only the geometric fibres of XJGL occurs there. Now, by perfectness, we see that
the map (5.2.1) factors through N̂p
−∞
GL .
Hamacher showed that there exists a natural isomorphism pi∞ : C
p−∞
GL ×Jp
−∞
GL
∼−→
Np
−∞
GL ; cf. [Ham16a, Corollary 4.4]. Unwinding its proof and identifying Ĉ
p−∞
GL
∼=
Qisg◦(X)Fp (cf. Theorem 5.1.3), one obtains that our the map Qisg
◦(X)Fp×Ĵ
p−∞
GL
∼−→
N̂p
−∞
GL coincides with the map induced by the isomorphism pi∞ on the formal com-
pletions. 
To define the Newton stratification on Spec R¯G , we need the following lemma.
Lemma 5.2.4. For brevity, we write S := R¯p
−∞
G . Then there exists an exact faithful
⊗-functor
RepQp G→ F - isocS
sending Λ[ 1p ] to (W (S)⊗W(RG) MG [ 1p ],Ψ), which depends only on [b] up to isomorph-
ism.
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Proof. By construction, we have a tensor-preserving isomorphismW(RG)⊗Zp Λ ∼−→
MG . Therefore, Ψ : σ∗MG [ 1p ] → MG [ 1p ] defines an element bΨ ∈ G(W(RG)[ 1p ]).
By viewing bΨ ∈ G(W (S)[ 1p ]), we obtain an F -isocrystal (W (S) ⊗Zp V, bΨσ) over
SpecS to each algebraic G-representation V over Qp. Since S is perfect, this gives
the desired exact faithful ⊗-functor. Now, a different choice tensor-preserving iso-
morphism W(RG)⊗Zp Λ ∼−→ MG modifies bΨ up to σ-G(W(RG)[ 1p ]) conjugacy, so it
does not affect the resulting ⊗-functor up to isomorphism. 
By the previous lemma, we can apply [RR96, Theorem 3.6] to obtain the Newton
stratification on Spec R¯p
−∞
G . Since Spec R¯
p−∞
G is homeomorphic to Spec R¯G , we may
regard it as a stratification on Spec R¯G .
Let NG ⊂ Spec R¯G be the closed Newton stratum. We define the isogeny leaf
JG ⊂ Spec R¯G as the reduced intersection of JGL and Spec R¯G . We also write N̂p
−∞
G
and Ĵp
−∞
G denote the formal completions of the perfections.
Theorem 5.2.5. The isomorphism Qisg◦(X)Fp× Ĵ
p−∞
GL
∼−→ N̂p−∞GL in Proposition 5.2.3
restricts to an isomorphism
Qisg◦G(X)Fp × Ĵ
p−∞
G
∼−→ N̂p−∞G .
Before we prove this theorem, let us record the following immediate corollary:
Corollary 5.2.6. The natural isomorphism pi∞ : C
p−∞
GL ×Jp
−∞
GL
∼−→ Np−∞GL in [Ham16a,
Corollary 4.4] restricts to the natural isomorphism pi∞ : C
p−∞
G ×Jp
−∞
G
∼−→ Np−∞G , and
its completion recovers the isomorphism in Theorem 5.2.5.
Proof of Theorem 5.2.5. The map is clearly a closed immersion, so it suffices to
show that (after algebraising the formal schemes) the image is dense. Since the
set of 1-dimensional points in NG is dense, it suffices to show that any map ξ :
SpecFp[[t]]→ NG factors through the image of Cp
−∞
GL × Jp
−∞
GL .
We set R := Fp[[tp
−∞
]], and view ξ also as Spf R→ N̂p−∞G . By Proposition 5.2.3,
there exist a map γξ : Spf R→ Qisg◦(X) and a quasi-isogeny ξ : Xξ → XR (defined
over SpecR), such that (γξ, ξ) maps to ξ ∈ NGL(R). To prove the theorem, we
want to show that ξ ∈ JG(R) and γξ ∈ Qisg◦G(X)(R). Since we have ξ = γ−1ξ · ξ,
it suffices to show that γξ ∈ Qisg◦G(X) as the Qisg◦G(X)-action stabilises Spf RG .
Let us summarise the setting as follows.
(1) The R-point ξ ∈ JGL(R) corresponds to the quasi-isogenies
ξ : Xξ 99K XR
defined over SpecR (not just over Spf R).
(2) The map γξ : Spf R → Qisg◦(X) corresponds to a collection of quasi-
isogenies over R/ti (for each i ∈ Z>0)
γ
(i)
ξ : XR/ti 99K XR/ti .
compatible with respect to the natural projections of the base ring R/ti.
(3) The map ξ : Spf R → N̂p−∞G gives rise to a p-divisible group Xξ over R,
together with quasi-isogenies over R/ti (for each i ∈ Z>0)
ι
(i)
ξ : Xξ,R/ti 99K XR/ti ,
compatible with respect to the natural projections of the base ring R/ti.
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Let Mξ denote the Dieudonné module of Xξ. (Alternatively, Mξ can also be ob-
tained as the base change from MG via the mapW(RG)→W (R) induced by ξ.) Let
(sα) ⊂M⊗ξ denote the pull back of (sα) ⊂M⊗G . Similarly, for the f-semiperfect ring
R/ti we have a universal p-adic PD hull Acris(R/ti) R/ti (containing W (R) as a
subring), and we can view M (i)ξ := Acris(R/t
i)⊗W (R)Mξ as a “Dieudonné module”
of Xξ,R/ti (cf. [SW13, §4].) We also obtain the crystalline tensors (sα) ⊂ (M (i)ξ )⊗
on Xξ,R/ti by base change.
We claim that ι(i)ξ preserves the tensors (sα). Indeed, the map RG → R/ti,
induced by ξ, can be defined over some artin local subring Fp[tp
−n
]/ti ⊂ R/ti, so
the quasi-isogeny ι(i)ξ descends over Fp[tp
−n
]/ti for some n  0. Now, the claim
follows since F -isocrystals over the spectrum of an artin local ring only depend
on the fibre at the closed point (cf. [dJ95, the proof of Corollary 5.1.2]) and the
quasi-isogeny ι(i)ξ lifts the identity map on X.
By construction, we have γ(i)ξ ◦ ξ,R/ti = ι(i)ξ for any i ∈ Z>0. Therefore, to show
γ
(i)
ξ ∈ Qisg◦G(X)(R/ti) for each i (i.e., the induced automorphism ofB+cris(R/ti)⊗M
preserves the tensors (sα)), it suffices to show that ξ is a tensor-preserving quasi-
isogeny over SpecR; i.e., the isomorphism of F -isocrystals over SpecR
(5.2.7) Mξ[ 1p ]
∼−→W (R)⊗Z˘p M[ 1p ],
induced by ξ, preserves the tensors (sα).7 Indeed, (5.2.7) should be tensor-preserving,
since any Frobenius-invariant tensor on a constant F -isocrystal over R is determ-
ined by its special fibre (cf. [RR96, Lemma 3.9]), and ξ reduces to the identity
map on the special fibre X. This concludes the proof. 
5.3. Application to integral models of Hodge-type Shimura varieties of parahoric
level. LetS ′ be the scheme over Z˘p classifying principally polarised abelian variet-
ies of dimension g with some prime-to-p level structures. Let S be a scheme finite
and unramified over S ′OE˘ := S
′ ×Spec Z˘p SpecOE˘ , where OE˘ is a finite extension
of Z˘p. Assume that there exists a smooth algebraic subgroup G ⊂ GSp2g over Zp
which satisfies the following:
(1) The generic fibreG := GQp is a reductive group, and G = Gx is a Bruhat-Tits
integral model of G associated to x ∈ B(G,Qp) (cf. Definition 2.1.1).
(2) For any x ∈ S (Fp), there exists an isomorphism of p-divisible groups Xb ∼=
Ax[p∞] for some b ∈ G(Q˘p) (where Ax is the fibre at x of the universal
abelian scheme over S ′), such that b and the embedding G ↪→ GSp2g ⊂
GL2g satisfy the conditions in Definition 4.2.1, and the formal completion
Ŝx ⊂ Ŝ ′x ×Spf Z˘p Spf OE˘ coincides with Spf RG (cf. Definition 4.2.1) as a
closed formal subscheme of the universal deformation space of Xb.
Note that if (G,H) is a Shimura datum that admits an embedding into a Siegel
Shimura datum, then the integral model of Shimura varieties with level K = KpG(Zp)
constructed in [KP15] gives an example of S if p > 2 does not divide the order of
pi1(G
der); cf. [KP15, Corollary 4.2.4].
7Here, one can give an alternative construction of ξ without using Proposition 5.2.3, as fol-
lows. Since Xξ has constant Newton polygon, it is known that there exists a unique isomorph-
ism of F -isocrystals Mξ[ 1p ]
∼−→ W (R) ⊗Z˘p M[
1
p
] that reduces to the identity map on M[ 1
p
] via
W (R)  W (Fp) = Z˘p. (The existence of such isomorphism is proved in [Kat79, Theorem 2.7.4],
and the uniqueness follows from [RR96, Lemma 3.9]). Now, by the Dieudonné theory over R (cf.
[Ber80, Corollaire 3.4.3]), the above isomorphism of F -isocrystals gives rise to a unique quasi-isogeny
Xξ 99K XR of p-divisible groups over SpecR, which should recover ξ by uniqueness.
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Let us choose a closed point x ∈ S (Fp), and set X := Ax[p∞] (where A is the
pull back of the universal abelian scheme over S ′). Let Spf RGL denote the formal
scheme classifying p-divisible groups deforming X, and we identify Ŝx = Spf RG
as before. By [Oor04, Proposition 2.2], there exists a (reduced) locally closed
subscheme CS (X) ⊂ SFp such that a geometric point y¯ : Specκ → SFp factors
through CS (X) if and only if we have Ay¯[p∞] ∼= Xκ. The following is a corollary of
Theorem 5.1.3.
Corollary 5.3.1. We write C := CS (X) for brevity. For any y ∈ C (Fp), the
formal completion Ĉy coincides with the formal completion ĈG of the central leaf
CG ⊂ SpecRG (as in Theorem 5.1.3). Furthermore, C is smooth of equi-dimension
〈2ρ, ν[b]〉 (using the notation from Proposition 3.1.4).
Proof. The isomorphism Ĉy ∼= ĈG is clear from the definition of C and CG (by
looking at the geometric points of C and CG). Furthermore, Ĉy ’s are isomorphic
for any y ∈ C (Fp), so they have to be formally smooth by the openness of smooth
locus of C . Finally, the dimension of C follows from Theorem 5.1.3. 
Remark 5.3.2. If S is an integral model of Hodge-type Shimura varieties construc-
ted in [KP15], then it is possible to show that there exist crystalline tensors (i.e.,
maps of F -isocrystals) over S perfFp
sα : 1→ (D(A [p∞])∗)⊗[ 1p ],
such that the pointwise stabiliser of the fibres (sα,x) at any x ∈ S (Fp) is iso-
morphic to GQ˘p ; cf. [HK17, Corollary 3.3.7]. Then by repeating the proof of The-
orem 5.1.3, one can show that the tensors (sα) are fibrewise constant on each
central leaf CS (Ax[p∞]).
Remark 5.3.3. IfS is an integral canonical model of Hodge-type Shimura varieties
with hyperspecial level structure, then Hamacher [Ham16b] constructed a natural
tower of finite étale coverings of a central leaf generalising Igusa towers considered
in [HT01, Man02, Man05]. We expect that the existence of “Igusa towers” and the
almost product structure of the Newton strata (in the sense of [Ham16b]) should
generalise for integral models of Hodge-type Shimura varieties with parahoric level
structure constructed in [KP15]. This question, as well as its cohomological con-
sequence, is considered in [HK17] using the main result of this paper.
Note that just as the case of hyperspecial levels, in order to define various nat-
ural group actions on Igusa towers, one needs to understand “isogeny classes” of
mod p points of S ; i.e., the existence of a natural map from affine Deligne-Lusztig
varieties to S (Fp) (cf. [Kis13, Proposition 1.4.4]). In [HK17], we need to assume
the “parahoric-level generalisation” of loc. cit., which is not fully known yet. On
the other hand, there is a special case outside the hyperspecial case where such
a generalisation can be obtained – namely, the case when G is residually split us-
ing [HZ16, Theorem 0.2] – and it seems quite reasonable to believe that the main
result of [HZ16] should hold in more generality.
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